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Abstract
W-algebras are constructed via quantum Hamiltonian reduction associated with
a Lie algebra g and an sl(2)-embedding into g. We derive correspondences among
correlation functions of theories having different W-algebras as symmetry algebras.
These W-algebras are associated to the same g but distinct sl(2)-embeddings.
For this purpose, we first explore different free field realizations of W-algebras
and then generalize previous works on the path integral derivation of correspon-
dences of correlation functions. For g = sl(3), there is only one non-standard (non-
regular) W-algebra known as the Bershadsky-Polyakov algebra. We examine its free
field realizations and derive correlator correspondences involving the WZNW theory
of sl(3), the Bershadsky-Polyakov algebra and the principal W3-algebra. There are
three non-regular W-algebras associated to g = sl(4). We show that the methods
developed for g = sl(3) can be applied straightforwardly. We briefly comment on
extensions of our techniques to general g.
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1 Introduction
Two-dimensional conformal field theories (CFTs) admit Virasoro symmetry, which al-
lows to study these theories to a large extent due to this infinite dimensional symmetry.
The Virasoro algebra is generated by a spin-2 current, and extended algebras can be
constructed by adding higher spin currents. These algebras are called W-algebras. The
standard construction of W-algebras is via Hamiltonian reduction associated with a Lie
algebra g and an sl(2)-embedding, see, e.g., [1, 2] for reviews for mathematicians respec-
tively physicists. For the case of g = sl(N), sl(2)-embeddings are labeled by partitions
of the integer N , and each partition leads to a different algebra. The partition N = N
1
corresponds to so-called principal (or regular) embedding of sl(2), which yields the WN -
algebra. The WN -algebras has a spin-s current for each s = 2, 3, . . . , N . Furthermore,
the case with partition N = 1+ · · ·+1 corresponds to the sl(N) current algebra. Except
for these two special cases, W-algebras have not been fully explored yet.
W-algebras appear in many contexts of theoretical physics. For instance, sub-sectors
of four-dimensional SU(N) gauge theories are claimed to be organized by W-algebras
[3, 4]. In particular, non-regular W-algebras appear by inserting surface operators in
four-dimensional gauge theories [5, 6, 7, 8]. Moreover, various W-algebras arise as the
asymptotic symmetry of three-dimensional higher spin gravities by adopting generic grav-
itational sectors [9, 10]. Non-regular W-algebras play important roles in holographic du-
alities [11, 12, 13, 14] generalizing the original proposal of [15] with regular W-algebras.
In general, W-algebras are central in S-duality which is very closely related to the
mathematics of quantum geometric Langlands duality [16]. The best known such duality is
Feigin-Frenkel duality between the principal W-algebra of g at level k and the principal W-
algebra of the dual Lie algebra Lg at dual level Lk 1. However S-duality conjectures many
more dualities between non-principal W-algebras andW-superalgebras [17, 18, 19, 20]. For
example it has just been proven that there is a Kazama-Suzuki coset type correspondence
between subregular W-algebras of type A and B and principal W-superalgebras of type
sl(N |1) and osp(2|2N) [21]. While S-duality and the quantum geometric Langlands
duality are concerned with true dualities, that is true matchings of correlation functions
we are concerned with correspondences. Dualities appear if one considers correlation
functions consisting of degenerate fields only. Mathematically degenerate fields should
be thought of as corresponding to ordinary modules of the W-algebra and matching of
correlation functions should be viewed as an equivalence of underlying tensor categories
(see Conjecture 6.4 of [22] and [23, 24] for proofs of cases). The generic field of a W-algebra
is however not degenerate, but non-degenerate and we are concerned with correlation
functions of fields of this type. In this case one gets correspondences, i.e. the correlation
function on one side coincides with the one on the other side, but with extra degenerate
field insertions.
In this paper, we derive new relations among correlation functions of theories with
the symmetry of W-algebras associated with different partitions of N . Making use of
the relations, we can deduce correlation functions from well-studied ones with the WN -
algebra or sl(N) current algebra. The simplest example is given by a relation between
sl(2) current algebra and Virasoro algebra, and it is called the Ribault-Teschner relation
[25]. In [26], the relation was re-derived in path integral formulation, and the method
allows us to derive new correspondences of correlation functions [27, 28, 29, 30]. The
method of the previous works is mainly restricted to relations between sl(N) current
algebra (or its superalgebra counterpart) and W-algebra corresponding to the partition
N = 2 + 1 + 1 + · · · + 1. In order to go further and to understand relations involving
other W-algebras the previous method needs to be improved and this is the aim of this
paper, i.e. we extend the previous analysis by deriving new relations among more generic
W-algebras. The key insight is our better understanding of different free field realizations
of W-algebras.
In the previous works, we start from sl(N) Wess-Zumino-Novikov-Witten (WZNW)
model with the symmetry of sl(N) current algebra. We use a first order formulation of
1The dual level satisfies r∨(k+h∨)(Lk+Lh∨) = 1 with r∨ the lacity of g and h∨, Lh∨ the dual Coxeter
numbers of g and Lg.
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the model, which corresponds to a free field realization of the current algebra. Integrating
out some of the free fields, we end up with a theory with W-algebra symmetry. Here
we would like to consider a theory with non-regular W-algebra symmetry to obtain new
correspondences of correlators. We heavily utilize free field realizations of generic W-
algebras analyzed in [31, 32, 21]. A main point here is that there are several free field
realizations of each W-algebra, and “nice” correspondences can be derived by choosing
convenient realizations. We can also obtain simpler types of correspondences by putting
restrictions on momenta of vertex operators inserted.
For g = sl(3), there is only one non-regular embedding of sl(2) corresponding to the
partition 3 = 2 + 1. The W-algebra labeled by the partition is known as Bershadsky-
Polyakov (BP)-algebra [33, 34]. One type of free field realization was already given in
[34], but another type is possible by using the screening charges of [31]. With the sets of
screening charges, we explicitly write down the generators in terms of free fields. Making
use of the expressions, we construct vertex operators transforming in representations of
the BP-algebra and obtain a map among correlation functions provided by two types of
free field realizations. We then derive correlator relations among theories with different
W-algebra symmetry. The relation between sl(3) current algebra and BP-algebra were
already obtained in [30], but here we derive the relation in a slightly different way to make
our strategy clearer. We then derive a relation between BP-algebra and W3-algebra by
making use of new free field realization of BP-algebra. We obtain more correspondences
by putting restrictions on momenta of vertex operators.
We further explore examples with g = sl(4). For sl(4), there are three types of non-
regular W-algebras corresponding to the partitions 4 = 3+1, 4 = 2+2, and 4 = 2+1+1.
Even though the number of non-regular type increases, we show that the technique de-
veloped for sl(3) can be directly applied. Several types of screening charges can be con-
structed for each W-algebra [31, 32], and the explicit expressions of generators are obtained
by utilizing the screening charges. We further derive new correlator correspondences by
applying new free field realizations. We also generalize the analysis to certain W-algebras
associated to sl(N).
The organization of this paper is as follows. In the next section, we first express
the generators of BP-algebra in terms of two types of free field realizations and then
relate the two descriptions of correlation functions. In section 3, we derive several new
correspondences among correlation functions of theories with the symmetry of W-algebras
with sl(3). In particular, we make use of new free field realization of BP-algebra. In
section 4, we write down the generators of three types of non-regular W-algebras with
sl(4) in terms of free fields. In section 5, we obtain new correspondences among correlation
functions by applying the free field realizations. Section 6 is devoted to conclusion and
future problems. In appendix A, we explicitly write down screening charges for non-
regular W-algebras with sl(4) and so(5). In appendix B, we apply our prescription to
obtain new relations among several W-algebras associated to sl(N).
2 Free field realizations of BP-algebra
In this section, we examine free field realizations of BP-algebra as the simplest but non-
trivial example of a non-regular W-algebra. In terms of free fields, generators are given
by operators commuting with the set of the screening charges.
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It is in general a difficult task to come up with a set of screening operators acting on
some free field algebra such that its joint kernel is precisely the algebra of interest. In the
case of the BP-algebra and W-algebras associated to Lie algebras in general one however
knows how to obtain these screening charges. The W-algebras are defined as homologies of
complexes associated to the affine vertex algebras [35] and it is possible to show that these
homologies are isomorphic to the kernel of certain screening operators acting on some free
field algebra [32]. The case of interest to us, that is the BP-algebra, and subregular W-
algebras of sl(n) in general has been conjectured by Feigin and Semikhatov [36] and a
derivation is given in [21, Section 3.2]. We will give details on screening realizations of
W-algebras associated to sl(4) and so(5) in appendix A. Note that the characterization
of the W-algebra as a homology has the advantage that one can determine all generating
fields and their conformal weights. For example the subregular W-algebra of sl(n) has
n+1 generating fields of conformal weights 1, 2, . . . , n−1 and n
2
, n
2
. Moreover it is enough
to find the two fields of conformal weight n
2
, since these two fields generate the complete
W-algebra under operator products [37].
It turns out that there are two sets of screening operators, and hence two types of
expressions for the generators are obtained. We construct vertex operators respecting the
BP-algebra for each free field realization. If vertex operators transform in the same way
under the BP-algebra, then correlation functions should be the same for the two free field
realizations up to normalization of vertex operators.
2.1 BP-algebra and its generators
The BP-algebra can be obtained from a Hamiltonian reduction of sl(3) current algebra
associated with the unique non-regular sl(2)-embedding [34]. The algebra is generated by
a spin-one current H(z), two spin-3/2 bosonic currents G±(z) and the energy-momentum
tensor T (z). The operator product expansions (OPEs) among them are given as
T (z)T (w) ∼ c/2
(z − w)4 +
2T (w)
(z − w)2 +
∂T (w)
z − w ,
T (z)G±(w) ∼
3
2
G±(w)
(z − w)2 +
∂G±(w)
z − w , T (z)H(w) ∼
H(w)
(z − w)2 +
∂H(w)
z − w ,
H(z)H(w) ∼ −(2k − 3)/3
(z − w)2 , H(z)G
±(w) ∼ ±G
±(w)
z − w , (2.1)
G+(z)G−(w) ∼ (k − 1)(2k − 3)
(z − w)3 −
3(k − 1)H(w)
(z − w)2
+
3(HH)(w) + (k − 3)T (w)− 3
2
(k − 1)∂H(w)
z − w .
The central charge is
c = 6(k − 3) + 25 + 24
k − 3 , (2.2)
4
where k is the level of sl(3) current algebra.2
We would like to realize the generators of BP-algebra in terms of free fields. We
introduce two free bosons ϕi (i = 1, 2) satisfying
ϕi(z)ϕj(w) ∼ −Gij log(z − w) , (2.3)
where
Gij =
(
2 −1
−1 2
)
, Gij =
(
2/3 1/3
1/3 2/3
)
. (2.4)
The indices of ϕi can be raised and lowered by these matrices. We also introduce a bosonic
ghost system (γ, β) satisfying
γ(z)β(w) ∼ 1
z − w . (2.5)
The expression of the generating fields in terms of these free fields can be found using the
fact that the generating fields commute with screening charges.
The first realization. A set of screening operators can be found in [34] as
S1 =
∮
dzV1(z) , S2 =
∮
dzV2(z) (2.6)
with
V1 = ebϕ1γ , V2 = ebϕ2β , (2.7)
where a new parameter b is introduced as
b =
1√
k − 3 . (2.8)
The generators commuting with (2.6), (2.7) are given by (see [34, 30])
T = −1
2
Gij∂ϕi∂ϕj +
(k − 1)b
2
(∂2ϕ1 + ∂
2ϕ2) +
1
2
(γ∂β − ∂γβ) ,
H =
1
3b
(∂ϕ1 − ∂ϕ2)− γβ , G+ = −1
b
∂ϕ2γ − γγβ + (k − 1)∂γ ,
G− =
1
b
∂ϕ1β − γββ − (k − 1)∂β .
(2.9)
Here and in the following, the normal ordering prescription is assumed for the products
of free fields. The background charges for ϕi are set such that the conformal dimensions
of screening charges are one. With the energy-momentum tensor T , the conformal di-
mensions of (γ, β) are (1/2, 1/2). We checked that the generators satisfy the OPEs in
(2.2).
2In mathematical literature, the affine algebra level is usually set as −k instead of k.
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The second realization. Screening charges of free field realizations for generic W-
algebras were explored in [31, 32]. In particular, we can see that there is another set of
screening operators as
V1 = ebϕ1 , V2 = ebϕ2β . (2.10)
We find generators commuting the screening charges with (2.10) as
T = −1
2
Gij∂ϕi∂ϕj +
(k − 1)b
2
∂2ϕ1 + b∂
2ϕ2 − 1
2
γ∂β − 3
2
∂γβ ,
H =
1
3b
∂ϕ1 +
2
3b
∂ϕ2 + γβ , G
+ = β ,
G− = −b−1∂ϕ1γγβ − 2b−1∂ϕ2γγβ + b−1 (k − 1) ∂ϕ1∂γ + b−1 (2k − 2) ∂ϕ2∂γ
+ b−1 (k − 2) ∂2ϕ2γ + (3− k)∂ϕ1∂ϕ2γ + (3− k)∂ϕ2∂ϕ2γ + (k − 3)γγ∂β
+ (3k − 3)∂γγβ − γγγββ +
(
−k2 + 5k
2
− 3
2
)
∂2γ .
(2.11)
We have checked that they satisfy (2.2). Note that the conformal dimensions of (γ, β) are
(−1/2, 3/2), and it is consistent with G+ = β.
2.2 Vertex operators
In the previous subsection, we have written down the generators of BP-algebra in terms
of free fields. In this subsection, we introduce vertex operators and examine the action of
generators to them. Since the conformal dimensions of G± are not integer, it is convenient
to redefine (or twist) the energy-momentum tensor as
T (z)→ Tt(z) = T (z) + 1
2
∂H(z) . (2.12)
In other words, we work with the Ramond sector. The conformal dimensions of G+ and
G− are one and two, respectively, with respect to the twisted energy-momentum tensor.
The generators now have integer expansion modes:
Tt(z) =
∑
n∈Z
Ln
zn+2
, H(z) =
∑
n∈Z
Hn
zn+1
,
G+(z) =
∑
n∈Z
G+n
zn+1
, G−(z) =
∑
n∈Z
G−n
zn+2
.
(2.13)
With the twisted energy-momentum tensor, the conformal dimensions of (γ, β) are
given by (0, 1) for both free field realizations. Thus, it is natural to introduce vertex
operators of the form
Vj,s(µ|z) = eµγejϕ1+sϕ2 . (2.14)
6
From the vertex operators, we define states
|j, s;µ〉 ≡ lim
z→0
Vj,s(µ|z)|0〉 . (2.15)
Notice that these states are primary with respect to the twisted algebra and satisfy
Ln|j, s;µ〉 = G±n |j, s;µ〉 = Hn|j, s;µ〉 = 0 (2.16)
for n > 0. Moreover, the action of zero modes can be written as
L0|j, s;µ〉 = −DL|j, s;µ〉 ,
G±0 |j, s;µ〉 = −D±|j, s;µ〉 ,
H0|j, s;µ〉 = −DH |j, s;µ〉
(2.17)
with differential operators DL,D±,DH . The expressions of differential operators can be
read off from the action of generators to the vertex operators (2.14). One of the differential
operators DL is the (minus of) conformal weight as
∆ = −DL = −j2 + j (s+ b(k − 2)) + s (b− s) , (2.18)
which is common for both free field realizations.
For the first realization, we found the expression of generators as in (2.9). Acting with
the generators on the vertex operators in (2.14), we obtain differential operators as
DH = −b−1(s− j)− µ ∂
∂µ
,
D+ = b−1(j − 2s) ∂
∂µ
− µ ∂
2
∂µ2
,
D− = µ2 ∂
∂µ
− µ (b−1(2j − s)− k + 1)
(2.19)
along with DL in (2.18). This kind of realization of zero-mode algebra may be found in
(6.16) of [38] after performing Fourier transformation from µ-basis to x-basis as
Vj,s(x|z) =
∫
dµeµxVj,s(µ|z) . (2.20)
These differential operators satisfy commutation relations
[DH ,D±] = ±D± , [D+,D−] = −3D2H + (2k − 3)DH + (k − 3)DL . (2.21)
We also find the differential operator
D3 = D3H +
3− 2k
2
D2H −
1
2
{D+,D−}+ (3− k)DLDH + 1
2
DH (2.22)
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which commutes withDL,D±,DH . The anti-commutator is defined as {A,B} = AB+BA.
Thus, it can be regarded as the third-order Casimir operator, whose eigenvalue can be
computed from (2.22) to be
D3 = 1
2b
[
j2
(
b−1 − 2(k − 3)s) (2.23)
+ j
(−5b−1s+ k (2s (b−1 + s)− 1)− 6s2 + 2)− (2k − 3)s (b−1s− 1)] .
Combined with the eigenvalue of the second-order Casimir operator in (2.18), we see that
the representation is labeled by the two parameters (j, s).
For the second realization, the differential operators in the zero-mode action are found
to be
DH = b−1s + µ ∂
∂µ
, D+ = µ ,
D− = −(j − 2s)
(
(k − 3)(j + s)− b−1(k − 2)) ∂
∂µ
− µ (−3b−1s+ k − 3) ∂2
∂µ2
+ µ2
∂3
∂µ3
(2.24)
in addition to DL in (2.18). This kind of realization of zero-mode algebra may be found
in (2.24) of [7] after performing the Fourier transformation (2.20). These differential
operators satisfy the same commutation relations as in (2.21). We can also see that the
eigenvalue of the third-order Casimir (2.22) reduces to (2.23) upon the substitution of
(2.24).
2.3 Map of correlation functions
The two types of free field realizations for the BP-algebra described above allow corre-
lation functions to be presented in two different forms. For later analysis, both types of
descriptions are used, so we need a map from one description to the other. As shown
in (2.17), the action of generators on primary states is given by differential operators.
However, the expressions for D±,DH are different for the two realizations. We have al-
ready observed that the eigenvalues of the second- and third-order Casimir operators are
the same for both realizations, which means that the primary states with the same (j, s)
-values belong to the same representation. In this subsection, we find new bases for vertex
operators such that generators act identically for both descriptions.
It is easier to see the correspondence between the two realisations with a suitable choice
of basis. We shall move from µ-basis to m-basis by performing Mellin transformation as
|j, s;m〉(1) =
∫
dµµ−m|j, s;µ〉 . (2.25)
For the first realization, the action of generators (2.9), in terms of the new basis, can be
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read off as
M(1)H = 1−m− b−1(−j + s) ,
M(1)+ = −m(m− 1− b−1(j − 2s)) ,
M(1)− = m− 3 + k − b−1(2j − s) .
(2.26)
We define M(α)H ,M(α)± by
G±0 |j, s;m〉(α) = −M(α)± |j, s;m± 1〉(α) , H0|j, s;m〉(α) = −M(α)H |j, s;m〉(α) . (2.27)
We further change the basis as
|j, s;m〉(2) = (−1)mΓ(m)Γ(m− 1− b−1(j − 2s))
∫
dµµ−m|j, s;µ〉 , (2.28)
which leads to
M(2)H = 1−m− b−1(−j + s) , M(2)+ = 1 ,
M(2)− = −(m− 3 + k − b−1(2j − s))(m− 1)(m− 2− b−1(j − 2s)) .
(2.29)
In terms of vertex operators, the change of basis is defined as
Φ
(2)
j,s;m(z) = (−1)mΓ(m)Γ(m− 1− b−1(j − 2s))
∫
dµµ−mVj,s(µ|z) . (2.30)
For the second realization with the generators (2.11), we may change the basis as
|j, s;m′〉(3) =
∫
dµµm
′|j, s;µ〉 . (2.31)
From this definition, we find
M(3)H = b−1s−m′ − 1 , M(3)+ = 1 ,
M(3)− =
(
(2− k)b−1 + (k − 3)(j + s)) (j − 2s)m′
+
(
3b−1s− k + 3)m′(m′ + 1)−m′(m′ + 1)(m′ + 2) .
(2.32)
Comparing (2.29) with (2.32), the coefficients M(α)H ,M(α)± from the two realizations be-
come identical if we set m′ = m − 2 − b−1(j − 2s). In other words, changing the basis
as
|j, s;m〉(4) =
∫
dµµm−2−b
−1(j−2s)|j, s;µ〉 , (2.33)
we can realize
M(2)H =M(4)H , M(2)± =M(4)± . (2.34)
The corresponding vertex operators may be introduced as
Φ
(4)
j,s;m(z) =
∫
dµµm−2−b
−1(j−2s)Vj,s(µ|z) . (2.35)
Since the actions of generators on the vertex operators (2.30) and (2.35) are the same now,
correlation functions computed with vertex operators Φ
(2)
j,s;m(z) and those with Φ
(4)
j,s;m(z)
should be the same once their normalization is properly set.
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3 Correlator relations for W-algebras from sl(3)
In this section, we derive correspondences among correlation functions of theories with
the symmetry of W-algebras associated with sl(3). In subsection 3.1, we reduce the sl(3)
WZNW model to a theory with BP-algebra symmetry in a way slightly different from
[30]. In subsection 3.2, we obtain correspondences between theories with the symmetry of
BP-algebra and W3-algebra using the free field realizations of BP-algebra analyzed in the
previous section. Correlators of vertex operators with restricted momenta are examined
in subsection 3.3. These correlators take simpler forms compared to those we studied
previously. In subsection 3.4 we propose several ways to obtain direct relations between
sl(3) current algebra and W3-algebra.
3.1 Reduction from affine sl(3) to BP-algebra
Starting from correlation functions of the sl(3) WZNW model, we formulate the action
in this first order as we did in [30]:
S =
1
2π
∫
d2z
[
Gij
2
∂φi∂¯φj +
b
4
√
gR(φ1 + φ2) +
3∑
α=1
(
βα∂¯γ
α + β¯α∂γ¯
α
)]
− 1
2πk
∫
d2z
[
ebφ1(β1 − γ2β3)(β¯1 − γ¯2β¯3) + ebφ2β2β¯2
]
,
(3.1)
where the matrix Gij was defined in (2.4). Moreover, gσρ is the world-sheet metric,
g = det gσρ, and R represents the scalar curvature. In the path integral formulation,
correlation functions can be written as〈
N∏
ν=1
Vν(zν)
〉
=
∫
DΦe−S
N∏
ν=1
Vν(zν) , (3.2)
where the path integral measure is
DΦ = Dφ1Dφ2
3∏
α=1
D2βαD2γα . (3.3)
The vertex operators are defined as
Vν(zν) = |µν1|4(j
ν
1
+1)|µν3/µν1|4(j
ν
2
+1)eµ
ν
αγ
α−µ¯ναγ¯
α
e2b(j
ν
1
+1)φ1+2b(jν2+1)φ2 . (3.4)
The prefactors are chosen such that the final expression becomes simpler.
We would like to reduce the theory to that with BP-algebra symmetry. In the previous
section, we have seen that BP-algebra can be realized by two free bosons ϕi (i = 1, 2) and
a ghost system (γ, β) along with proper screening charges. In order to realize the system
in terms of action, we need to add anti-holomorphic counterparts ϕ¯i and (γ¯, β¯). The free
bosons in the two sectors can be formulated as a single non-chiral field as
φi(z, z¯) = ϕi(z) + ϕ¯i(z¯) . (3.5)
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We shall obtain the theory with BP-symmetry from the sl(3) WZNW model in the first
order formulation by integrating out two sets of ghost system.
Following [26, 30], we first integrate with respect to γ1, γ3 and γ¯1, γ¯3, which appear
only linearly in the exponent of path integral expression (3.2). The integration over
zero-modes of these fields leads to delta functions
δ(2)
(
N∑
ν=1
µν1
)
δ(2)
(
N∑
ν=1
µν3
)
. (3.6)
Moreover, non-zero modes provide delta functionals for β1, β3 and β¯1, β¯3. Integration with
respect to these fields leads to the replacement of them by functions:
βα(z) = −
N∑
ν=1
µνα
z − zν = −uα
∏N−2
n=1 (z − ynα)∏N
ν=1(z − zν)
≡ −uαBα(z, zν , ynα) , (3.7)
β¯α(z¯) =
N∑
ν=1
µ¯να
z¯ − z¯ν = u¯α
∏N−2
n=1 (z¯ − y¯nα)∏N
ν=1(z¯ − z¯ν)
≡ u¯αB¯α(z¯, z¯ν , y¯nα) (3.8)
with α = 1, 3. Notice that a holomorphic 1-form possesses exactly two more poles than its
zeros. Therefore, there are (N−2) zeros for each Bα or B¯α, and these zeros are positioned
at coordinates ynα.
The interaction terms in the action now become
1
2πk
∫
d2z
[
ebφ1(u1B1 − γ2u3B3)(u¯1B¯1 − γ¯2u¯3B¯3)− ebφ2β2β¯2
]
. (3.9)
In order to relate the action to one of the free field realizations of BP-algebra, we need
to remove the function dependence in the interaction terms by redefining fields φ1, φ2, γ
2
and β2. There are several ways to do so, but here we choose to make the shifts of φ1 and
φ2 as
φ1 +
1
b
log |u1B1|2 → φ1 , φ2 + 1
b
log |u−11 u3B−11 B3|2 → φ2 (3.10)
and change γ2 and β2 as
γ2u−11 u3B−11 B3 → γ2 , β2u1u−13 B1B−13 → β2 . (3.11)
The conjugate fields γ¯2 and β¯2 are changed in the same way as in (3.11). The field
redefinitions give rise to extra factors in the kinetic terms. A detailed computation can
be found in [26, 30]. Part of the contributions from the kinetic terms of φ1, φ2 can be
regarded as the shifts of momenta for vertex operators and the insertions of extra fields
at yn1 , y
n
3 . The change of fields also results in the shifts of background charges and a
prefactor in front of correlation function. To see the change in the correlation function
due to (3.11), it is convenient to rewrite γ2 and β2
γ2(z) ≃ eX(z)η(z) , β2(z) ≃ e−X(z)∂ξ(z) , (3.12)
where the bosonic field X and the fermionic fields η, ξ satisfy the OPEs
X(z)X(w) ∼ − log(z − w) , η(z)ξ(w) ∼ 1
z − w . (3.13)
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With this terminology, the change of ghost system can be realized by a shift of X
X − ln (u1u−13 B1B−13 )→ X. (3.14)
Overall, we obtain the relation among correlation functions as〈
N∏
ν=1
Vν(zν)
〉
= |ΘN |2δ(2)
(
N∑
ν=1
µν1
)
δ(2)
(
N∑
ν=1
µν3
)〈
N∏
ν=1
V˜ν(zν)
N−2∏
n=1
V˜ (1)(yn1 )V˜
(3)(yn3 )
〉
.
(3.15)
The new vertex operators are
V˜ν(zν) = e
µ′2
νγ2−µ¯′2
ν γ¯2e2b(j
ν
1+1)φ1+2b(j
ν
2+1)φ2+φ
1/b ,
V˜ (1)(yn1 ) = e
−φ1/b+φ2/beX+X¯ , V˜ (3)(yn3 ) = e
−φ2/be−X−X¯
(3.16)
with
µ′2
ν =
u1µ
ν
1µ
ν
2
u3µν3
, µ¯′2
ν =
u¯1µ¯
ν
1µ¯
ν
2
u¯3µ¯ν3
. (3.17)
The prefactor is
ΘN = u1u3
∏
µ<ν
(zµ − zν)2/(3b2)
∏
n,ν
((yn1 − zν)(yn3 − zν))−1/(3b
2)
×
∏
m<n
((ym1 − yn1 )(ym3 − yn3 ))2/(3b
2)+1
∏
m,n
(ym3 − yn1 )−1/(3b
2)−1 .
(3.18)
The left-hand side of (3.15) is computed with the action
S =
1
2π
∫
d2z
[
Gij
2
∂φi∂¯φj +
1
4
√
gR((b+ b−1)φ1 + bφ2) + β2∂¯γ2 + β¯2∂γ¯2
]
+
1
2πk
∫
d2z
[
ebφ1(1− γ2)(1− γ¯2)− ebφ2β2β¯2
]
.
(3.19)
We can see that the action describes the first realization with the set of screening charges
(2.7) after the shift γ2 − 1 → γ2. The conformal dimensions of (γ2, β2) are (0, 1), which
means that the energy-momentum tensor is twisted according to (2.12).3
3.2 Reduction from BP-algebra to W3-algebra
In the previous subsection, we examined the specific example of reducing the sl(3) corre-
lation function to that of the BP-algebra. The strategy for obtaining new correlator rela-
tions may be summarized in general as follows. We start from an action with free kinetic
terms plus interactions. We then integrate out several sets of ghost system and perform
3In [30], the change of fields is made such that (γ, β) left have conformal dimensions (1/2, 1/2). In
other words, the energy-momentum tensor for the reduced theory is not twisted there.
12
field redefinitions to eliminate explicit coordinate dependence in the action. Carefully
treating contributions from kinetic terms, we obtain a correspondence among correlators
of different theories.
In this subsection, we reduce correlators of the theory with BP-algebra symmetry to
sl(3) Toda field theory with W3-algebra symmetry by applying the generic method. As
seen above, there are two types of free field realizations for BP-algebra, which means
that there are two theories we could start from. With the procedure described above,
one of the theories is suitable for the reduction to the W3-correlator. In subsection 3.1,
we ended up with the action corresponding to the first realization with the screening
operators (2.7). However, with this form of the action, it is not easy to integrate (γ2, β2)
out, since γ2 appears in an interaction term. Fortunately, we have the second realization
with the screening operators (2.10), and the corresponding action can be written as4
S =
1
2π
∫
d2z
[
Gij
2
∂φi∂¯φj +
1
4
√
gR((b+ b−1)φ1 + bφ2) + β∂¯γ + β¯∂γ¯
]
+
1
2πk
∫
d2z
[
ebφ1 − ebφ2ββ¯] .
(3.20)
It is then possible to integrate out (γ, β) from the correlation function associated to this
action, and the rest can be proceeded by applying the generic method.
We take the correlation function of the form (3.2) with the action (3.20) and the path
integral measure
DΦ = Dφ1Dφ2D2βD2γ . (3.21)
The vertex operators are
Vν(zν) = |µν2|4(j
ν
2
+1)eµ
νγ−µ¯ν γ¯e2b(j
ν
1
+1)φ1+2b(jν2+1)φ2 . (3.22)
Again, the prefactor is chosen such that the final expression becomes simpler.
The integration over (γ, β) leads to δ(2)(
∑
ν µ
ν) and the replacement of β by a function
as
β(z) = −
N∑
ν=1
µν
z − zν = −u
∏N−2
n=1 (z − yn)∏N
ν=1(z − zν)
≡ −B(z, zν , yn) . (3.23)
There is |B|2 in an interaction term now, and we remove it by shifting φ2 as
φ2 +
1
b
log |uB|2 → φ2 . (3.24)
Similarly to the previous case, the change of φ2 in the kinetic term contributes extra
factors to the correlation function.
In the end, we arrive at the relation〈
N∏
ν=1
Vν(zν)
〉
= |ΘN |2δ(2)
(
N∑
ν=1
µν
)〈
N∏
ν=1
V˜ν(zν)
N−2∏
n=1
V˜ (yn)
〉
. (3.25)
4The prefactors in front of interaction terms can be chosen arbitrary by constant shifts of φ1, φ2.
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The right-hand side is evaluated with the action of sl(3) Toda field theory
S =
1
2π
∫
d2z
[
Gij
2
∂φi∂¯φj +
Qφ
4
√
gR(φ1 + φ2) + 1
k
(ebφ1 + ebφ2)
]
(3.26)
with Qφ = b+ b
−1. The vertex operators are
V˜ν(zν) = e
2b(jν1+1)φ1+2b(j
ν
2+1)φ2+φ
2/b , V˜ (yn) = e−φ
2/b (3.27)
and the prefactor is
ΘN = u
2k/3
∏
µ<ν
(zµ − zν)2/(3b2)
∏
n,ν
(yn − zν)−2/(3b2)
∏
m<n
(ym − yn)2/(3b2) . (3.28)
3.3 Putting restrictions on momenta
In subsection 3.1, we have considered the action (3.1) associated to the sl(3) WZNW
model. The action includes γ2 in an interaction term, which makes it difficult to integrate
γ2 out. In this subsection, we propose a way to resolve the issue by putting restrictions
on momenta of vertex operators. As before, we start from the sl(3) correlator (3.2) with
the action (3.1) and the path integral measure (3.3). However, we use a slightly different
vertex operator
Vν(zν) = |µν1|4(j
ν
1
+1)eµ
ν
1
γ1+µν
2
γ2−µ¯ν
1
γ¯1−µ¯ν
2
γ¯2e2b(j
ν
1
+1)φ1+2b(jν2+1)φ2 . (3.29)
Namely, we set
µν3 = µ¯
ν
3 = 0 (3.30)
in (3.4) for all ν. In this case, integration over γ3 leads to delta functional
δ(2)(∂¯β3(z)) . (3.31)
With appropriate boundary conditions, we can set
β3(z) = β¯3(z¯) = 0 . (3.32)
Substituting this into the action (3.1), γ2-dependent term disappears.
Integrating the correlator with respect to γ1 gives
β1(z) = −
N∑
ν=1
µν1
z − zν = −u1
∏N−2
n=1 (z − yn1 )∏N
ν=1(z − zν)
= −u1B1 ,
N∑
ν=1
µν1 = 0 . (3.33)
We make a shift in φ1(z) by letting
φ1 +
1
b
ln |u1B1|2 → φ1, (3.34)
which yields the relation〈
N∏
ν=1
Vν(zν)
〉
= |ΘN |2δ(2)
(
N∑
ν=1
µν1
)〈
N∏
ν=1
V˜ν(zν)
N−2∏
n=1
V˜ (yn1 )
〉
. (3.35)
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The right-hand side is evaluated by the action (3.20) with (γ, β) replaced by (γ2, β2). The
vertex operators are
V˜ν(zν) = e
µν2γ
2−µ¯ν2 γ¯
2
e2b(j
ν
1+1)φ1+2b(j
ν
2+1)φ2+φ
1/b , V˜ (yn) = e−φ
1/b (3.36)
and the prefactor is
ΘN = u
2
1
∏
µ<ν
(zµ − zν)2/(3b2)
∏
n,ν
(yn1 − zν)−2/(3b
2)
∏
m<n
(ym1 − yn1 )2/(3b
2) . (3.37)
As was done in the previous subsection, we can reduce the theory to sl(3) Toda field
theory by further integrating (γ2, β2) out.
In this way, we found a version of correlator relation by putting restrictions on mo-
menta for vertex operators of sl(3) WZNW model as in (3.30). In general it is possible
to obtain more new relations with similar restrictions. In the following, we would like
to clarify the features of correlator relations obtained in this manner by working on the
simplest setting with sl(2).
We begin with the sl(2) WZNW model with the action
S =
1
2π
∫
d2w
[
∂¯φ∂φ + β∂¯γ + β¯∂γ¯ +
b
4
√
gRφ − 1
k
ββ¯e2bφ
]
, (3.38)
where we set b = 1/
√
k − 2. We consider the vertex operators in the form
Vj(µν |z) = |µ|2j+2eµγ−µ¯γ¯e2b(j+1)φ . (3.39)
We may change the basis by Mellin transformation as
Φjm,m¯(z) =
∫
d2µ
|µ|2µ
−mµ−m¯Vj(µ|z) ∝ γ(z)−j−1+mγ¯(z¯)−j−1+m¯e2b(j+1)φ(z,z¯) . (3.40)
We can see that Vj(µ|z) with µ = µ¯ = 0 can be identified with Φjj+1,j+1(z) up to an overall
normalization. The operator Φjj+1,j+1(z) is special in the sense that it corresponds to a
highest-weight state.
Let us consider an N -point function and put restrictions on momenta as
µν = µ¯ν = 0 (ν = M + 1,M + 2, . . . , N) . (3.41)
After integrating over γ, we obtain the relation
β(z) = −
M∑
ν=1
µν
w − zν = −u
∏M−2
n=1 (z − yn)∏M
ν=1(z − zν)
,
M∑
ν=1
µν = 0 . (3.42)
Since the number of poles is now M , the holomorphic 1-form possesses only M − 2 zeros
located at z = yn. This implies that the number of extra insertions is M − 2, and
therefore, we can obtain a relation among an N -point function of sl(2) WZNW model
and an (N +M − 2)-point function of Liouville field theory. For N = 4,M = 2, this
relation is essentially the one presented in section 3.2 of [39] with a certain limit of
parameters. Furthermore, this relation was utilized to examine BPS conformal blocks of
N = 2 superconformal field theory in [40, 41].
Similar arguments can be applied to more generic examples of sl(L) with L = 3, 4, . . ..
An operator with µα = 0 for some α generically corresponds to a highest-weight state, and
correlator relations obtained as in this subsection should be useful to investigate special
kinds of correlators like BPS ones in a supersymmetric theory.
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3.4 Direct reduction from affine sl(3) to W3-algebra
Combining the correlator relations in subsections 3.2 and 3.3, we can obtain a direct
relation between sl(3) current algebra and W3-algebra. However, restrictions on momenta
have been put on the correlator of sl(3) WZNW model. One may want to start from a
generic correlator as in subsection 3.1. The reduced action is given by (3.19), which
corresponds to the first realization of BP-algebra after performing a shift γ2− 1→ γ2. In
section 2, we have developed a map of correlators described by two free field realizations.
Mapping to the second realization of BP-algebra, we can further reduce to sl(3) Toda field
theory by applying the correlator relation in subsection 3.2. However, twist operators e±X
appearing in (3.16) would transform non-trivially under the shift γ2 − 1 → γ2. Because
of this, the explicit form of correlator relations would be complicated. In this subsection,
we provide an approach of avoiding the insertions of extra twist operators.
As in subsection 3.1, we begin with a generic correlator of sl(3) WZNW model in
the form (3.2) with the action (3.1) and the path integral measure (3.3). Integrating out
(γ1, β1) and (γ
3, β3), we arrive at the action with interaction terms in (3.9). Here we only
make the change of field as
φ1 +
1
b
log |u1B1|2 → φ1 , (3.43)
then the interaction terms become
1
2πk
∫
d2z
[
ebφ1(1− γ2u−11 u3B−11 B3)(1− γ¯2u¯−11 u¯3B¯−11 B¯3)− ebφ2β2β¯2
]
. (3.44)
New operators are inserted at z = yn1 .
Let us focus on the holomorphic part by decomposing φi(z, z¯) as in (3.5). The inter-
action terms (3.44) are then given by a linear combination of
Q1 =
∫
dzebϕ1 , (3.45)
Q2 =
∫
dzebϕ1γ2u−11 u3B−11 B3 , (3.46)
Q3 =
∫
dzebϕ2β2 . (3.47)
The functions of B−11 B3 in (3.46) can be removed by a shift of ϕ1, but this produces extra
functions B1B−13 in Q1. In other words, we can remove functions in either Q1 or Q2 but
not in both. As examined in section 2, a free field realization of BP-algebra uses the set
of screening charges (Q1, Q3) or (Q2, Q3) (after removing the extra functions).
We may choose (Q1, Q3) as the set of screening charges and treat Q2 perturbatively
as
e−λQ2 =
∞∑
p=0
(−λ)p
p!
(Q2)
p . (3.48)
Rewriting Q2 as
Q2 =
1
2πi
∫
dzu−11 u3B−11 B3
∮
dµ2µ
−2
2 e
µ2γ2ebϕ1 , (3.49)
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the correlation functions can be put in the form studied in subsection 3.2. Now we can
apply the reduction procedure in subsection 3.2 and express the correlation function in
terms of sl(3) Toda field theory. However, an N -point function of sl(3) WZNW model is
written as an infinite sum of correlators of sl(3) Toda field theory.
4 Free field realizations of W-algebras from sl(4)
In sections 2 and 3, we have examined correlators for theories with the symmetry of
W-algebras associated to sl(3). In particular, it was important to choose a convenient
free field realization of BP-algebra in order to obtain simpler expressions of correlator
relations. In this and the following sections, the analysis of W-algebras is extended from
those associated with sl(3) to sl(4). As explained in the introduction, one can construct
three types of W-algebras with non-regular embeddings of sl(2) to sl(4) by Hamiltonian
reduction. These embeddings are known as subregular, rectangular, and minimal corre-
sponding to the partitions 4 = 3 + 1, 4 = 2 + 2, and 4 = 2 + 1 + 1, respectively. In
this section, we express the generators of these non-regular W-algebras in terms of free
fields by making use of screening charges in appendix A. With the explicit expressions, we
can obtain maps of vertex operators and correlation functions among different free field
realizations of the W-algebras.
For W-algebras associated with sl(4), we need three free bosons ϕi (i = 1, 2, 3) with
OPEs
ϕi(z)ϕj(w) ∼ −Gij log(z − w) , (4.1)
where we have introduced matrices
Gij =
 2 −1 0−1 2 −1
0 −1 2
 , Gij =
3/4 1/2 1/41/2 1 1/2
1/4 1/2 3/4
 . (4.2)
We also use ℓ sets of ghost systems (γα, βα) satisfying
γα(z)βα′(w) ∼ δ
α
α′
z − w (4.3)
where α, α′ ∈ {1, 2, . . . , ℓ}. The number of ghost systems depends on the particular
W-algebra we are considering. In the case of sl(4), we set
b =
1√
k − 4 (4.4)
with k the level of sl(4) current algebra.5
4.1 W
(2)
4 -algebra
The W-algebra with the subregular embedding of sl(2) into sl(n) is denoted as W
(2)
n . The
properties of such subregular W-algebras were examined, for example, in [36]. In this
5Compared with the notation in appendix A, we change κ → ib−1 and k → −k, see also footnote 2
for sl(3). Furthermore, we use i∂ϕj = αj , which is suitable for Lagrangian description.
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subsection, we set n = 4. The generators of the algebra include a spin-one current H(z),
three spin-two currents G±(z), T (z), and a spin-three current W (z). Here T (z) is the
energy-momentum tensor with central charge
c = 24k +
60
k − 4 − 19 . (4.5)
The OPEs involving H(z) are
H(z)H(w) ∼ (8− 3k)/4
(z − w)2 , H(z)G
±(w) ∼ ±G
+(w)
z − w . (4.6)
The spin-three current W (z) is regular with respect to H(z). One may find expressions
of other OPEs in [36]. The W
(2)
4 algebra can be realised by a set of ghost system (γ, β)
along with three free bosons ϕi (i = 1, 2, 3).
The first realization. The screening charges for W
(2)
4 -algebra can be found in (A.26).
In one of the realizations, these are given by screening operators
V1 = ebϕ1β , V2 = ebϕ2γ , V3 = ebϕ3 . (4.7)
Requiring generators to commute with the screening charges, we find the expressions of
T and H as
T = −1
2
Gij∂ϕi∂ϕj +
(2k − 5)b
2
∂2ϕ1 + (k − 2)b∂2ϕ2 + (2k − 5)b
2
∂2ϕ3 + γ∂β (4.8)
and
H = − 1
4b
∂ϕ1 +
1
2b
∂ϕ2 +
1
4b
∂ϕ3 − γβ . (4.9)
In particular, the conformal weights of (γ, β) are (1, 0). We also find that
G+ = −γγβ − b−1∂ϕ1γ + (k − 2)∂γ ,
G− = −b−1 (2(k − 2)∂ϕ2∂β + (k − 2)∂ϕ3∂β + 2∂ϕ2γββ + ∂ϕ3γββ)
− (k − 3)b−1∂2ϕ2β + k∂ϕ2∂ϕ2β + k∂ϕ3∂ϕ2β − 4∂ϕ2∂ϕ2β − 4∂ϕ3∂ϕ2β
+ 3kγβ∂β + k∂γββ − 6γβ∂β − 4∂γββ + γγβββ + (5 + k2 − 9k/2) ∂∂β
(4.10)
commute with the screening charges, and they indeed satisfy the correct OPEs with T
and H . The expression of W can then be found from the OPE with G+ and G− as
W =
4(k − 4)(5k − 16)
3(8− 3k)2(k − 2)γγγβββ + · · · , (4.11)
which commutes with the screening charge.
The second realization. Another set of screening charges is given by
V1 = ebϕ1β , V2 = ebϕ2 , V3 = ebϕ3 . (4.12)
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Using the same commuting condition, we find the expressions of T and H as
T = −1
2
Gij∂ϕi∂ϕj +
3b
2
∂2ϕ1 + (k − 2)b∂2ϕ2 + (2k − 5)b
2
∂2ϕ3 − γ∂β − 2∂γβ (4.13)
and
H =
3
4b
∂ϕ1 +
1
2b
∂ϕ2 +
1
4b
∂ϕ3 + γβ . (4.14)
In particular, the conformal weights of (γ, β) are now (−1, 2). Using OPEs, such as (4.6),
as constraints, we found
G+ = β , G− = −γγγγβββ + · · · , W = −4(k − 4)(5k − 16)
3(8− 3k)2(k − 2)γγγβββ + · · · , (4.15)
which also commute the screening charges.
As in (2.12), we then twist the energy-momentum tensor as
T (z)→ Tt(z) = T (z) + ∂H(z) . (4.16)
The spins of G+ and G− become 1 and 3, respectively, with respect to the twisted energy-
momentum tensor. For the both free field realizations, the conformal weights of (γ, β) are
(0, 1) after the twisting.
4.2 Rectangular W-algebra with su(2) symmetry
A generic rectangular W-algebra is obtained by performing Hamiltonian reduction of
Lie algebra sl(Mn). The embedding of sl(2) into sl(Mn) corresponds to the partition
Mn = n + n + . . . + n, a sum of M numbers of n. A rectangular W-algebra contains
a subalgebra sl(M). The rectangular W-algebra can be realized as the asymptotic sym-
metry of extended higher spin gravity [11, 13].6 In this subsection, we examine free field
realizations of the rectangular W-algebra associated to sl(Mn) with M = n = 2.
The rectangular W-algebra associated with sl(4) is generated by three spin-one cur-
rents Ja(z) and four spin-two currents T (z), Qa(z), where a = 1, 2, 3 and T (z) being the
energy-momentum tensor with central charge
c = 12k +
60
k − 4 + 7 . (4.17)
The spin-one currents Ja(z) generate an su(2) current algebra with OPEs
Ja(z)J b(w) ∼ ℓδ
a,b/2
(z − w)2 +
ifabcJ
c(w)
z − w ,
T (z)Ja(w) ∼ J
a(w)
(z − w)2 +
∂Ja(w)
z − w ,
(4.18)
6See [42, 43, 14, 44, 45] for related works.
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where ℓ = 4−2k is the su(2) level. The structure constant of su(2) is given by ifabc whose
indices can be raised and lowered by κab = δa,b/2 and κab = 2δa,b, . The spin-two currents
Qa(z) transform as in the adjoint representation of su(2). Their OPEs with Ja(z) and
T (z) are
Ja(z)Qb(w) ∼ if
ab
cQ
c(w)
z − w , T (z)Q
b(w) ∼ 2Q
b(w)
(z − w)2 +
∂Qb(w)
z − w . (4.19)
The OPE Qa(z)Qb(w) can be found in [11, 13]. The free field realization of the theory
can be constructed from two sets of ghost systems (γα, βα) (α = 1, 2) along with three
free bosons ϕi (i = 1, 2, 3).
The first realization. As found in (A.32), there are two sets of screening charges for
the rectangular W-algebra of sl(4). One of them is given by the set of screening operators
V1 = ebϕ1β1 , V2 = ebϕ2(γ1 − γ2) , V3 = ebϕ3β2 . (4.20)
The energy-momentum tensor commuting with the screening charges is found to be
T = −1
2
Gij∂ϕi∂ϕj +
(k − 1)b
2
∂2ϕ1 + (k − 2)b∂2ϕ2 + (k − 1)b
2
∂2ϕ3 − ∂γ1β1 − ∂γ2β2.
(4.21)
The su(2) currents in terms of the free fields are given by
J+ = β1 + β2 , J
3 = γ1β1 + γ
2β2 +
1
2b
∂ϕ1 +
1
2b
∂ϕ3 ,
J− = −b−1∂ϕ3γ2 − b−1∂ϕ1γ1 − γ1γ1β1 − γ2γ2β2 + (k − 2)∂γ1 + (k − 2)∂γ2 ,
(4.22)
where we have defined J± = J1 ± iJ2. A charged spin-two current is found to be
Q+ = ∂ϕ1β1 + ∂ϕ1β2 + 2∂ϕ2β1 − 2∂ϕ2β2 − ∂ϕ3β1 − ∂ϕ3β2
+ 4bγ1β1β2 − 4bγ2β1β2 + 2(k − 2)b∂β2 − 2(k − 2)b∂β1
(4.23)
with Q+ = Q1 + iQ2. The rest of charged spin-two currents can be obtained from their
OPEs with J−.
The second realization. The other set of screening operators presented in (A.32) is
given by
V1 = ebϕ1β1 , V2 = ebϕ2(1− γ1γ2) , V3 = ebϕ3β2 . (4.24)
The energy-momentum tensor has exactly the same expression as in the previous realiza-
tion as in (4.21). The su(2) currents, in this case, are
J+ = −b−1∂ϕ3γ2 − γ2γ2β2 + β1 + (k − 2)∂γ2 ,
J3 = γ1β1 − γ2β2 − 1
2b
∂ϕ3 +
1
2b
∂ϕ1 ,
J− = −b−1∂ϕ1γ1 − γ1γ1β1 + β2 + (k − 2)∂γ1 .
(4.25)
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A charged spin-two current is found to be
Q3 = −γ1γ1γ2γ2β1β2 + · · · (4.26)
up to an overall normalization. The rest of the charged spin-two currents can again be
obtained by their OPEs with J±.
Note that we do not twist the energy-momentum tensor here. In fact, the conformal
dimensions of (γα, βα) (α = 1, 2) are (0, 1) with respect to the energy-momentum tensor
(4.21).
4.3 QSCA with su(2) symmetry
TheW-algebra with minimal embedding of sl(2) into sl(n) was studied in [46]. The algebra
is known as quasi-superconformal algebra (QSCA), since it can be obtained by replacing
fermionic spin-3/2 generators of the superconformal algebras presented in [47, 48] with
bosonic generators of the same spin. In this subsection, we examine free field realizations
of QSCA associated to sl(4).
The generators of QSCA include four spin-one currents H(z), Ja(z) (a = 1, 2, 3), four
spin-3/2 bosonic currents Gi±(z) (i = 1, 2), and a spin-two current T (z), the energy-
momentum tensor with central charge
c = 6k − 60
4− k + 15 . (4.27)
The OPEs involving H(z) satisfy
H(z)H(w) ∼ 1
(z − w)2 , H(z)G
i
±(w) ∼ ±
qGi±(w)
z − w (4.28)
with q = 1/
√
2− k. The rest of the spin-one currents Ja(z) generate an su(2) current
algebra. The currents are normalised to satisfy the OPE
Ja(z)J b(w) ∼ ℓ/2
(z − w)2 +
ifabcJ
c(w)
z − w (4.29)
with the level ℓ = 1− k. The action of Ja(z) on Gi±(w) is given by
Ja(z)Gi+(w) ∼ −
(σa)i jG
j
+(w)
z − w , J
a(z)Gi−(w) ∼
Gj−(w)(σ
a) ij
z − w . (4.30)
To compute the coefficients of the OPEs, we first define the following matrices
σ1ij =
1
2
(
0 1
1 0
)
, σ2ij =
1
2
(
0 −i
i 0
)
, σ3ij =
1
2
(
1 0
0 −1
)
(4.31)
whose indices can then be raised to the form of coefficients by the application of δi,j. The
non-trivial OPEs among the spin-3/2 generators Gi± are
Gi+(z)G
j
−(w) ∼ δi,j
[
c1
(z − w)3 +
2c2H(z)
(z − w)2 +
c2∂H(w)− 2T (w) + c4(HH)(w)
z − w
]
+ (σa)ij
[
2c5J
a(w)
(z − w)2 +
c5∂J
a(w) + c6(HJ
a)(w)
z − w
]
+ c7δ
i,jδa,b
(JaJ b) + (J bJa)
z − w
(4.32)
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with
c1 = −4(k − 2)(k − 1)
k − 4 , c2 =
2
√
2− k(k − 1)
k − 4 , c4 =
6
k − 4 + 3 ,
c5 = − 8
k − 4 − 4 , c6 =
8
√
2− k
k − 4 , c7 = −
2
k − 4 .
(4.33)
The generators of the QSCA can be expressed in terms of three ghost systems (γα, βα)
(α = 1, 2, 3) and three free bosons ϕi (i = 1, 2, 3).
The first realization. Sets of screening charges for QSCA can be found in (A.39) and
(A.45). One set of screening operators in (A.39) is given by
V1 = ebϕ1β1 , V2 = ebϕ2(β2 − γ1β3) , V3 = ebϕ3 (4.34)
from which we find the expression of the energy-momentum tensor to be
T = −1
2
Gij∂ϕi∂ϕj +Q
i∂2ϕi +
3∑
α=1
(aαγ
α∂βα + (aα − 1)∂γαβα) (4.35)
where
Q1 =
3b
2
, Q2 = 2b , Q3 =
(k − 1)b
2
, a1 = 0 , a2 = a3 = −1
2
. (4.36)
The conformal weights of (γα, βα) are (aα, 1 − aα). The su(2) currents commuting with
the screening charges are written as
J3 = j3 + ˜3 , J± = j± + ˜± (4.37)
with
j+ = β1 , j
3 = γ1β1 +
1
2b
∂ϕ1 , j
− = −1
b
∂ϕ1γ
1 − γ1γ1β1 + (k − 2)∂γ1 ,
˜+ = −γ2β3 , ˜3 = −1
2
(γ2β2 − γ3β3) , ˜− = −γ3β2 .
(4.38)
The u(1) current in terms of the free fields is given by
H = q
(
b−1∂ϕ2 + γ2β2 + γ
3β3
)
, (4.39)
where q = 1/
√
2− k. The spin-3/2 currents are found to be
G1+ = β2 , G
2
+ = β3 ,
G1− =
2
k − 4γ
1γ1γ2γ2β1β3 + · · · , G2− =
2
k − 4γ
1γ1γ2γ2β1β2 + · · · .
(4.40)
The second realization. A second set of screening operators in (A.39) is
V1 = ebϕ1β1 , V2 = ebϕ2(β2 − γ1β3) , V3 = ebϕ3γ2 . (4.41)
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The energy-momentum tensor commuting with the screening charges takes the same form
as (4.35), but with a different set of parameters:
Q1 =
3b
2
, Q2 =
kb
2
, Q3 =
(k − 1)b
2
, a1 = −a2 = −1
2
, a3 = 0 . (4.42)
The spin-one currents are
J+ = β3 , J
3 =
1
2
γ1β1 +
1
2
γ2β2 + γ
3β3 +
1
2b
∂ϕ1 +
1
2b
∂ϕ2 ,
J− = −b−1∂ϕ1γ3 − b−1∂ϕ2γ3 − b−1∂ϕ1γ1γ2 + (k − 2)∂γ1γ2 − γ1γ1γ2β1
− γ1γ3β1 − γ2γ3β2 − γ3γ3β3 + (k − 1)∂γ3 ,
H = q
(
γ1β1 − γ2β2 + 1
2b
∂ϕ1 +
1
2b
∂ϕ3
)
.
(4.43)
Two of the spin-3/2 currents are
G2+ = β1 − β3γ2 ,
G1− = −2b∂ϕ1γ1β3 − 2b∂ϕ3β2 +
(
4
k − 4 + 2
)
∂γ1β3 +
2
k − 4γ
2β2β2
− 2
k − 4γ
1γ1β1β3 +
(
4
k − 4 + 2
)
∂β2 .
(4.44)
The expressions of the other two spin-3/2 currents G1+, G
2
− can be found from their OPEs
with J−.
The third realization. The last set of screening operators presented in (A.39) is given
by
V1 = ebϕ1β1 , V2 = ebϕ2(β2 − γ1β3) , V3 = ebϕ3γ3 . (4.45)
The energy-momentum tensor is (4.35) with
Q1 =
(k − 1)b
2
, Q2 =
kb
2
, Q3 =
(k − 1)b
2
, a1 = a3 =
1
2
, a2 = 0 (4.46)
and the spin-one currents are
J+ = β2 , J
3 = −1
2
γ1β1 + γ
2β2 +
1
2
γ3β3 +
1
2b
∂ϕ2 ,
J− = −b−1∂ϕ2γ2 + γ1γ2β1 − γ2γ2β2 − γ2γ3β3 + γ3β1 + (k − 1)∂γ2 ,
H = −q
(
γ1β1 + γ
3β3 − 1
2b
∂ϕ3 +
1
2b
∂ϕ1
)
.
(4.47)
23
Two of the spin-3/2 currents are found to be
G2+ = ∂ϕ1γ
1 + bγ1γ1β1 + bγ
3β2 + (2− k)b∂γ1 ,
G1− = 2∂ϕ3β3 − 2bγ3β3β3 − 2bβ1β2 − 2(k − 2)b∂β3 ,
(4.48)
and the other two G1+, G
2
− can be obtained by the action of J
−.
For the above three types of free field realizations, we consider the twist of energy-
momentum tensor by
T (z)→ Tt(z) = T (z) + 1
2q
∂H , (4.49)
where q = 1/
√
2− k. With respect to the twisted energy-momentum tensor, the con-
formal weights of Gi+ and G
i
− become 1 and 2, respectively. Whereas, all three pairs of
ghosts (γα, βα) with α = 1, 2, 3 have conformal weights (0, 1) as desired.
The fourth realization. Finally, let us consider the free field realization associated with
the set of screening operators in (A.45):
V1 = ebϕ1(β1 + γ2β3) , V2 = ebϕ2β2 , V3 = ebϕ3(γ3 − γ2γ1) . (4.50)
The energy-momentum tensor is again given by (4.35) with
Q1 =
(k − 1)b
2
, Q2 =
kb
2
, Q3 =
(k − 1)b
2
, a1 = a3 =
1
2
, a2 = 0 . (4.51)
The spin-one currents are
J+ = β2 + γ
1β3 , J
3 = −1
2
γ1β1 + γ
2β2 +
1
2
γ3β3 +
1
2b
∂ϕ2 ,
J− = −b−1∂ϕ2γ2 + γ3β1 − γ2γ2β2 + (k − 2)∂γ2 ,
H = −q
(
γ1β1 + γ
3β3 +
1
2b
∂ϕ1 − 1
2b
∂ϕ3
)
.
(4.52)
Two of the spin-3/2 currents are
G2+ = ∂ϕ1γ
1 + bγ1γ1β1 − bγ1γ2β2 + bγ1γ3β3 + bγ3β2 + (1− k)b∂γ1 ,
G1− = 2∂ϕ3β3 − 2bγ1β1β3 − 2bγ2β2β3 − 2bγ3β3β3 − 2bβ1β2 − 2(k − 1)b∂β3 ,
(4.53)
and rest of the spin-3/2 currents can again be obtained by the action of J− on them.
These generators are consistent with those in [46].
In this realization, we may twist the energy-momentum tensor by
T (z)→ Tt(z) = T (z) + a1∂J3 + a2∂H . (4.54)
However, unlike the previous realizations, this twist does not allow the conformal dimen-
sions of (γα, βα) for all α = 1, 2, 3 to be (0, 1). Even though other values of conformal
dimensions are also permitted, it introduces difficulties to construct maps from this free
field realization to the other three.
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4.4 Vertex operators
So far, we have constructed generators for three different non-regular W-algebras asso-
ciated to sl(4) in terms of free fields. In order to construct vertex operators for each
W-algebra, we may twist the energy-momentum tensor such that the conformal weights
of (γα, βα) become (0, 1) as we did for W
(2)
4 -algebra in (4.16) and for the first three QSCA
realizations in (4.49). Such twists are not needed for the rectangular case since the desir-
able ghost conformal dimensions are achieved with the original energy-momentum tensor.
As discussed at the end of section 4.3, it is not possible to find a good twist for the fourth
realization of QSCA. It is, therefore, difficult to establish a correspondence between this
realization with the others. We shall now disregard this exceptional case, and instead, we
examine rest of the realizations of these three non-regular W-algebras in general.
For any of the three algebras, its generators are denoted by F a, where a runs from 1
to the dimension of algebra. The conformal dimension of F a with respect to the (twisted)
energy-momentum tensor is denoted by ha. Since ha is integer for all a in all W-algebras,
the generators can be expanded as
F a(z) =
∑
n∈Z
F an
zn+ha
. (4.55)
A vertex operator and its corresponding primary state is define as
Vℓi(µα|z) = eµαγαeℓiϕi , |ℓi;µα〉 ≡ lim
z→0
Vℓi(µα|z)|0〉 . (4.56)
The modes of the generators act on the primary states as
F an |ℓi;µα〉 = 0, F a0 |ℓi;µα〉 = −DF a |ℓi;µα〉 , (4.57)
where n > 0 and DF a are differential operators with respect to µα.
The explicit form of DF a can be found from the free field expressions of the generators.
These differential operators therefore have different expressions for different realizations.
However, it can be shown that the differential operators DF a satisfy the same commuta-
tion relations for all free field realizations of the same W-algebra. The second-, third-,
and fourth-order Casimir operators Dp with p = 2, 3, 4 which commute with DF a are
constructed. We shall avoid presenting these tedious expressions in this paper, since they
are not directly related to the calculation. These Casimir operators are linear combina-
tions of terms of the form DFa1 · · ·DFan with n ≤ p. In particular, the eigenvalue with
respect to the second-order Casimir operator D2 corresponds to the conformal weight in
an analogous way as in (2.18) for the BP-algebra case. The eigenvalues of these Casimir
operators on the primary states defined in (4.56) are the same for all free field realizations
of the same W-algebra.
It is desirable to obtain maps of correlation functions (or vertex operators) among
different free field realizations for a non-regular W-algebra. The form of vertex operators
defined in (4.56) are not suitable for this purpose. The map can be realised more clearly
if we make a change of basis such that the vertex operators take the form P (γα) exp(ℓiϕi),
where P (x) is a polynomial of x. A convenient choice for making such a change of basis
is
Vℓi(a1, . . . , an) =
∫
dµ
µ
Da1 · · ·DanVℓi(µ|z) . (4.58)
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This is a generalisation of the change to m-basis we used in subsection 2.3 for the BP-
algebra. In the case of W
(2)
4 -algebra, the basis is essentially the same as for the BP-
algebra, and therefore the arguments in subsection 2.3 can be directly applied. For other
non-regular W-algebras, it is also possible to find the maps of vertex operators explicitly
at least for concrete examples.
5 Correlator relations for W-algebras from sl(4)
Using the screening charges in appendix A, we have developed free field realizations of
non-regular W-algebras associated to sl(4). This allows us to derive new correspondences
among correlation functions involving these W-algebras. There are five different partitions
of the integer 4 which corresponds to five different W-algebras. Recall that a similar
relation was found between the sl(2) WZNW model with partition 2 = 1 + 1 and the
Virasoro algebra (or W2-algebra) with partition 2 = 2. Moreover, for the sl(3) case, we
have obtained the reduction relations for algebras with partitions from 3 = 1 + 1 + 1 to
3 = 2 + 1 and from 3 = 2 + 1 to 3 = 3. Observing the pattern, one can deduce that, in
the sl(4) case, correlator relations can be obtained directly using the generic procedure
for W-algebras with the following partitions
4 = 1 + 1 + 1 + 1 → 4 = 2 + 1 + 1 ,
4 = 2 + 1 + 1 → 4 = 3 + 1 ,
4 = 3 + 1 → 4 = 4 .
(5.1)
In this section, we will study these cases in detail.
Other than the above cases, there are many relations we can obtain for W-algebras
associated to sl(4). For instance, we can perform a direct reduction to obtain correlator
relation for 4 = 2 + 1 + 1 → 4 = 2 + 2. In section 3, we have discussed how to obtain
direct relations for 3 = 1 + 1 + 1 → 3 = 3, and analogous techniques can be applied to
the sl(4) case as well. In particular, it is possible to relate sl(4) current algebra to all free
field realizations of W-algebras by putting restrictions on momenta of vertex operators.
This kind of reductions may be regarded as correlator versions of what have been done
in appendix A to obtain screening charges for various W-algebras. An application of the
reduction from sl(4) current algebra to rectangular W-algebra can be found in [11, 13].
5.1 Reduction from affine sl(4) to QSCA
In this subsection, we reduce the sl(4) WZNW model to a free field realization of QSCA
with su(2) subalgebra in it. This reduction relation was already obtained in [30] where
the reduced theory corresponds to the fourth realization of QSCA with the screening
operators (4.50). As observed in the previous section, it is not easy to construct maps
from the fourth realization of QSCA to the others. We therefore consider the reduction
to the third realization instead in this subsection. We can then create maps among the
three QSCA realizations and reduce the QSCA theory further to the subregular or the
regular W-algebras.
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We start from a first order formulation of the sl(4) WZNW model. The analysis in
appendix A shows that it is important to choose a proper expression of the action:
S =
1
2π
∫
d2z
[Gij
2
∂φi∂¯φj +
b
4
√
gR(φ1 + φ2 + φ3) +
6∑
α=1
(βα∂¯γ
α + β¯α∂γ¯
α)
]
− 1
2πk
∫
d2z
[
ebφ1β1β¯1 + e
bφ2(β2 − γ1β4)(β¯2 − γ¯1β¯4)
+ ebφ3(β3 − γ2β5 − γ4β6)(β¯3 − γ¯2β¯5 − γ¯4β¯6)
]
,
(5.2)
which corresponds to the free field realization of sl(4) current algebra with screening
charges (A.36). The matrix Gij was given in (4.2). A correlation function (3.2) was
defined in terms of action (5.2). The path integral measure is given by
DΦ =
3∏
i=1
Dφi
6∏
α=1
D2βαD2γα (5.3)
and the vertex operators are
Vν(zν) = |µν3|4(j
ν
3
−jν
2
)|µν5|4(j
ν
2
−jν
1
)|µν6|4(j
ν
1
+1)eµ
ν
αγ
α−µ¯ναγ¯
α
e
∑
3
i=1 2b(j
ν
i +1)φi . (5.4)
In order to reduce the theory to the one corresponding to a free field realization of
QSCA, we need to integrate out three sets of ghost systems. Here we choose to integrate
over γ3, γ5 and γ6, since they do not appear in the interaction terms of (5.2). This leads
to δ(2)(
∑
ν µ
ν
α) and replacements of β3, β5 and β6 by
βα(z) = −
N∑
ν=1
µνα
z − zν = −uα
∏N−2
n=1 (z − ynα)∏N
ν=1(z − zν)
≡ −uαBα , (5.5)
where α = 3, 5, 6. Now the interaction terms become
− 1
2πk
∫
d2z
[
ebφ1β1β¯1 + e
bφ2(β2 − γ1β4)(β¯2 − γ¯1β¯4)
− ebφ3(u3B3 − γ2u5B5 − γ4u6B6)(u¯3B¯3 − γ¯2u¯5B¯5 − γ¯4u¯6B¯6)
]
.
(5.6)
We make the following change of fields as to remove the Bi-functions
φ1 +
1
b
log |u−15 u6B−15 B6|2 → φ1 ,
φ2 +
1
b
log |u−13 u5B−13 B5|2 → φ2 ,
φ3 +
1
b
log |u3B3|2 → φ3
(5.7)
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and
u−15 u6B−15 B6γ1 → γ1 , u5u−16 B5B−16 β1 → β1 ,
u−13 u5B−13 B5γ2 → γ2 , u3u−15 B3B−15 β2 → β2 ,
u−13 u6B−13 B6γ4 → γ4 , u3u−16 B3B−16 β4 → β4 .
(5.8)
As in subsection 3.1, we formulate γα and βα as
γα(z) ≃ eXα(z)ηα(z) , βα(z) = e−Xα(z)∂ξα(z) (5.9)
with
ηα(z)ξα′(w) ∼ δα,α′
z − w , Xα(z)Xα′(w) ∼ −δα,α′ log(z − w) . (5.10)
Analogous to the sl(3) case, the redefinition of fields provides several contributions
to the correlation function. Taking everything into account, we obtain the following
correlator relation〈
N∏
ν=1
Vν(zν)
〉
= |ΘN |2
∏
α=3,5,6
δ(2)
(
N∑
ν=1
µνα
)〈
N∏
ν=1
V˜ν(zν)
N−2∏
n=1
∏
α′=3,5,6
V˜ (α
′)(ynα′)
〉
, (5.11)
where left-hand side is computed with the action
S =
1
2π
∫
d2z
[
Gij
2
∂φi∂¯φj +
1
4
√
gR(b(φ1 + φ2) + (b+ b−1)φ3) +
∑
α=1,2,4
(βα∂¯γ
α + β¯α∂γ¯
α)
]
− 1
2πk
∫
d2z
[
ebφ1β1β¯1 + e
bφ2(β2 − γ1β4)(β¯2 − γ¯1β¯4)− ebφ3(1− γ2 − γ4)(1− γ¯2 − γ¯4)
]
.
(5.12)
The vertex operators at zν receive the shifts of momenta by
V˜ν(zν) = e
∑
α=1,2,4(µ
′
α
νγα−µ¯′α
ν γ¯α)e
∑3
i=1 2b(j
ν
i +1)φi+φ
3/b (5.13)
where
µ′1
ν =
u5µ
ν
5µ
ν
1
u6µ
ν
6
, µ′2
ν =
u3µ
ν
3µ
ν
2
u5µ
ν
5
, µ′4
ν =
u3µ
ν
3µ
ν
4
u6µ
ν
6
(5.14)
and similarly for µ¯′α. Moreover, there are extra insertions of operators at y
n
α (α = 3, 5, 6)
as
V˜ (3)(yn3 ) = e
(φ2−φ3)/beX2+X¯2+X4+X¯4 ,
V˜ (5)(yn5 ) = e
(φ1−φ2)/beX1+X¯1−X2−X¯2 ,
V˜ (6)(yn6 ) = e
−φ1/beX1+X¯1+X4+X¯4 .
(5.15)
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The prefactor is found to be
ΘN = u
2
3
∏
n>n′
[
(yn3 − yn
′
3 )(y
n
5 − yn
′
5 )(y
n
6 − yn
′
6 )
]2+ 3
4b2
∏
µ>ν
(zµ − zν)
3
4b2 (5.16)
×
∏
n,m
[(yn3 − ym5 )(yn3 − ym6 )(yn5 − ym6 )]−1−
1
4b2
∏
n,ν
[(yn3 − zν)(yn5 − zν)(yn6 − zν)]−
1
4b2 .
It is possible to rewrite the action by changing the basis of ghost systems as
γ1 − 1→ γ1 , β1 → β1 ,
γ2 → γ2 , β2 − β4 → β2 ,
γ4 + γ2 − 1→ γ4 , β4 → β4 .
(5.17)
The kinetic terms of ghost systems are invariant under this change of basis, but the
interaction terms are now
− 1
2πk
∫
d2z
[
ebφ1β1β¯1 + e
bφ2(β2 − γ1β4)(β¯2 − γ¯1β¯4)− ebφ3γ4γ¯4
]
(5.18)
from which we observe that the action corresponds to the third realization of QSCA with
screening operators (4.45).
5.2 Reduction from QSCA to W
(2)
4 -algebra
In this subsection, we establish a relation between QSCA and W
(2)
4 -algebra at the level
of correlation functions. As explained in subsection 4.3, there are four types of free field
realizations for QSCA. Here we shall adopt the first realization with screening charges
(4.34) since it involved the least number of γ’s. This free field realization of QSCA can
be described by a theory with the action
S =
1
2π
∫
d2z
[Gij
2
∂φi∂¯φj +
1
4
√
gR(b(φ1 + φ2) + (b+ b−1)φ3) +
3∑
α=1
(βα∂¯γ
α + β¯α∂γ¯
α)
]
− 1
2πk
∫
d2z
[
ebφ1β1β¯1 + e
bφ2(β2 − γ1β3)(β¯2 − γ¯1β¯3)− ebφ3
]
.
(5.19)
Consider a correlation function of the form (3.2), with the action (5.19) and the path
integral measure
DΦ =
3∏
i=1
Dφi
3∏
α=1
D2βαD2γα. (5.20)
The vertex operators take the form
Vν(zν) = |µν2|4(j
ν
2+1)eµ
ν
αγ
α−µ¯ναγ¯
α
e
∑3
i=1 2b(j
ν
i +1)φi . (5.21)
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Now we want to reduce the theory to the one corresponding to a free field realization
of W
(2)
4 -algebra by integrating out two sets of ghost systems. Since γ
1 appears in the
interaction terms of the action (5.19), we integrate with respect to γ2 and γ3. This yields
the delta functions δ(2)(
∑
ν µ
ν
2)δ
(2)(
∑
ν µ
ν
3) and the relations
βα(z) = −
N∑
ν=1
µνα
z − zν = −uα
∏N−2
n=1 (z − ynα)∏N
ν=1(z − zν)
≡ −uαBα (5.22)
where α = 2, 3. Shifting φ2 by
φ2(z) +
1
b
ln |u2B2|2 → φ2(z) , (5.23)
the interaction terms become
− 1
2πk
∫
d2z
[
ebφ1β1β¯1 − ebφ2(1− u−12 u3B−12 B3γ1)(1− u¯−12 u¯3B¯−12 B¯3γ¯1)− ebφ3
]
. (5.24)
We further rescale γ1 and β1 by
u−12 u3B−12 B3γ1 → γ1 , u2u−13 B2B−13 β1 → β1 (5.25)
and reformulate the ghosts in terms of a pair of free fermions and a free boson as we did
in (5.9) and (5.10).
We then arrive at the correlator relation as〈
N∏
ν=1
Vν(zν)
〉
= |ΘN |2δ(2)
(
N∑
ν=1
µν2
)
δ(2)
(
N∑
ν=1
µν3
)〈
N∏
ν=1
V˜ν(zν)
N−2∏
n=1
V˜ (2)(yn2 )V˜
(3)(yn3 )
〉
,
(5.26)
whose right-hand side is evaluated with the action
S =
1
2π
∫
d2z
[
Gij
2
∂φi∂¯φj +
1
4
√
gR(bφ1 + (b+ b−1)(φ2 + φ3)) + β1∂¯γ1 + β¯1∂γ¯1)
]
− 1
2πk
∫
d2z
[
ebφ1β1β¯1 − ebφ2(1− γ1)(1− γ¯1)− ebφ3
]
.
(5.27)
If we make the shift γ1 − 1 → γ1 in (5.27), the action coincides with that of the first
realization of W
(2)
4 -algebra whose screening operators are given in (4.7). The new vertex
operators in the correlation function (5.26) are found to be
V˜ν(zν) = e
µ′
1
νγ1−µ¯′
1
ν γ¯1e
∑
3
i=1 2b(j
ν
i +1)φi+φ
2/b ,
V˜ (2)(yn2 ) = e
−φ2/beX1+X¯1 , V˜ (3)(yn3 ) = e
−X1−X¯1
(5.28)
where
µ′1
ν =
u2µ
ν
2µ
ν
1
u3µν3
, µ¯′1
ν =
u¯2µ¯
ν
2µ¯
ν
1
u¯3µ¯ν3
. (5.29)
The prefactor is
ΘN = u
3
2u
−1
3
∏
n>n′
(yn2 − yn
′
2 )
1+ 1
b2 (yn3 − yn
′
3 )
∏
µ>ν
(zµ − zν)
1
b2
∏
n,m
(yn2 − ym3 )−1
∏
n,ν
(yn2 − zν)−
1
b2 .
(5.30)
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5.3 Reduction from W
(2)
4 -algebra to W4-algebra
In this subsection, we study the reduction relation from W
(2)
4 -algebra to W4-algebra. As
discussed in subsection 4.1, there are two free field realizations for W
(2)
4 -algebra. For the
purpose of this subsection, we use the second realization with screening charges (4.12).
The correlation function takes usual form (3.2) with the action
S =
1
2π
∫
d2z
[Gij
2
∂φi∂¯φj +
1
4
√
gR(bφ1 + (b+ b−1)(φ2 + φ3)) + β∂¯γ + β¯∂γ¯
]
− 1
2πk
∫
d2z
[
ebφ1ββ¯ − ebφ2 − ebφ3
] (5.31)
and the path integral measure.
Dg =
3∏
i=1
DφiD2βD2γ . (5.32)
The vertex operators are given by
Vν(zν) = |µν|4(jν1+1)eµνγ−µ¯ν γ¯e
∑3
i=1 2b(j
ν
i +1)φi . (5.33)
The reduction procedure follows similarly as in previous cases. We integrate out γ and
β from the correlation function for W
(2)
4 -algebra, which yields a delta function δ
(2)(
∑
ν µ
ν)
and the following expression of β(z) in terms of function B:
β(z) = −
N∑
ν=1
µν
z − zν = −u
∏N−2
n=1 (z − yn)∏N
ν=1(z − zν)
≡ −uB(z, yn, zν) . (5.34)
We further shift φ1(z) by
φ1(z) +
1
b
ln |uB|2 → φ1(z) . (5.35)
The final form of the correlator is given by〈
N∏
ν=1
Vν(zν)
〉
= |ΘN |2δ(2)
(
N∑
ν=1
µν
)〈
N∏
ν=1
V˜ν(zν)
N−2∏
n=1
V˜b(y
n)
〉
, (5.36)
where the action for the right-hand side is
S =
1
2π
∫
d2z
[
Gij
2
∂φi∂¯φj +
Qφ
4
√
qR(φ1 + φ2 + φ3) + 1
k
(
ebφ1 + ebφ2 + ebφ3
)]
(5.37)
with Qφ = b + b
−1. This is nothing but the action of sl(4) Toda field theory. The new
vertex operators are
V˜ν(zν) = e
∑
3
i=1 2b(j
ν
i +1)φi+φ
1/b , V˜b(y
n) = e−φ
1/b . (5.38)
And the prefactor is found to be
ΘN = u
2
∏
n>n′
(yn − yn′) 34b2
∏
µ>ν
(zµ − zν)
3
4b2
∏
n,ν
(yn − zν)−
3
4b2 . (5.39)
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6 Conclusion and discussions
In this paper, we derived new correspondences among correlation functions of theories
with W-algebra symmetry. We generalize the previous works in [25, 26, 27, 28, 30], where
sl(N) WZNW model is reduced to a theory with QSCA symmetry. The screening charges
constructed in [31, 32, 21] are employed to develop free field realizations of non-regular
W-algebras.
The paper started with a detailed account of W-algebras associated with sl(3). The
non-regular W-algebra in this case, BP-algebra, has two different free field realizations.
The realization with the screening operators (2.10) was reduced to sl(3) Toda theory as
in (3.25) using path integral. A new method of putting restrictions on momenta of vertex
operators was proposed in order to obtain correlation relations such as in (3.35). The
analysis was then extended to the study of W-algebras associated to sl(4). In this case,
there are three types of non-regular W-algebras and more complicated correlator relations
were derived. Similarly to the sl(3) case, we started from the construction of free field
realizations for the non-regular W-algebras using the screening charges in appendix A.
The method developed for the sl(3) case were applied directly in deriving the correlator
relations for the sl(4) case. In particular, we derived new correlator correspondences in
several explicit examples such as in (5.11), (5.26), and (5.36). The focus of the paper
is to examine such examples of W-algebras associated to sl(3) and sl(4). An attempt
of generalize the results to the sl(N) case was made, with correlator relations for a few
special cases presented in appendix B. Further generalizations of such correlator relations
to W-algebras associated with any Lie algebra g remain open. The screening charges
for free field realizations of W-algebras associated with so(5), for example, are given in
appendix A. It is straightforward to apply the techniques developed in this paper and
derive the correlator relations for the so(5) case.
Correlator relations like the ones derived in this paper have a wide range of applica-
tions. We aim to report on them in the near future. A main application of the original
correlator relation with sl(2) is the proof of the Fateev-Zamolodchikov-Zamolodchikov
(FZZ) duality conjecture in [49]. See also [50]. We expect that generalized FZZ dualities
can be derived from our new correlator relations presented in this paper. As another
application, recall that structure constants of the operator algebra for osp(1|2) WZNW
model are determined from those of N = 1 super Liouville field theory [27, 29]. Given
that the structure constants for sl(N) Toda field theory have been computed in [51, 52],
and the correlator relation between W
(2)
N -algebra and WN -algebra has been established in
this paper, it is possible to apply an analogous procedure as in [27, 29] and obtain the
structure constants for W
(2)
N -algebra.
As mentioned in the introduction, non-regular W-algebras have received a lot of at-
tention, though there is much that remains poorly understood. For example, non-regular
W-algebras arise if surface operators are inserted in four dimensional SU(N) gauge the-
ories. It was suggested that correlator correspondences like those presented in this paper
can be obtained from different treatments of the same surface operators [5, 6, 7, 8]. It is
important to compare and establish direct relations between correlator correspondences
obtained from four dimensional gauge theory with those from our path integral derivation.
As another example, non-regular W-algebras can be realized as an asymptotic symme-
try of higher spin gravity with non-standard gravitational sector. The understanding of
non-regular W-algebra from WN -algebra is expected to help with examining higher spin
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gravity. In particular, we would like to study the properties of conical defect geometry
in higher spin gravity as in [53, 54, 55, 56]. A partial result for this has been already
provided in [13]. It is also of our great interest to introduce supersymmetry to relate
superstring theory as in [57, 42, 58, 43, 13], see also [59, 60].
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A Screening operators of Wk(g, f)
Let g be a simple Lie algebra of dim g < ∞ with the bilinear form (·|·) normalized such
that the longest root has norm two, h a Cartan subalgebra of g and ĝ the affine Lie algebra
of g. Denote by ∆, ∆+, Π = {α1, . . . , αl} sets of roots, positive roots and simple roots
respectively of g, where l = dim h. Let Mg be the Weyl vertex algebra associated to g,
which is generated by fields βα(z), γα(z) for all α ∈ ∆+ satisfying that
βα(z)γα′(w) ∼ − δα,α′
z − w , βα(z)βα′(w) ∼ 0 ∼ γα(z)γα′(w) , α, α
′ ∈ ∆+ . (A.1)
Then Mg is isomorphic to |∆+| tensor products of βγ-systems. Let π be the Heisenberg
vertex algebra associated with h, which is generated by fields αi(z) for all i = 1, . . . , l
satisfying that
αi(z)αj(w) ∼ (αi|αj)
(z − w)2 , i, j = 1, . . . , l . (A.2)
Let V k(g) be the (universal) affine vertex algebra of g at level k ∈ C. By Wakimoto (for
g = sl(2)), Feigin and Frenkel [61, 62], we have the following free field realizations, called
Wakimoto representations of ĝ:
V k(g) →֒ Mg ⊗ π , (A.3)
whose image coincides with the common kernel of screening operators Si for i = 1, . . . , l
if k is generic [63]:
V k(g) ≃
l⋂
i=1
KerSi ⊂Mg ⊗ π . (A.4)
For any nilpotent element f of g, one can define the (affine) W-algebra Wk(g, f) as
follows. Let x0 be a semisimple element of g and
Γ : g =
⊕
j∈ 1
2
Z
gj , gj = {u ∈ g | [x0, u] = ju} (A.5)
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a 1
2
Z-grading of g such that f ∈ g−1 and ad(f) : gj → gj−1 is injective for j ≥ 12 and
surjective for j ≤ 1
2
. Then Γ is called a good grading for f . By Jacobson-Morozov
theorem, there exists a sl(2)-triple {e0, h0, f} in g and x0 = 12h0 defines a good grading
of g for f . Hence good gradings exist for any f . These good gradings are classified by
weighted Dynkin diagrams [64], which are Dynkin diagram with weights of αi in {0, 12 , 1}
for each αi ∈ Π. Kac, Roan and Wakimoto [35] define the W-algebras Wk(g, f) as
the (generalized) Drinfeld-Sokolov reduction of V k(g) associated to (g, f,Γ), which is a
generalization of results by Feigin and Frenkel [65]:
Wk(g, f) = H0DS,f(V k(g)) . (A.6)
Then Wk(g, f) is a 1
2
Z≥0-graded vertex algebra. This construction depends on the choice
of Γ, but the vertex algebras obtained by these procedures are isomorphic to each other
for any choice of Γ with fixed g and f . The difference of choice of Γ only appears in
conformal degrees on Wk(g, f), or equivalently, the choice of Virasoro field in Wk(g, f).
Applying the functor H0DS,f(?) to the embedding of V
k(g) into Mg ⊗ π, we have free
field realizations of Wk(g, f) [32]:
Wk(g, f) →֒ M˜g ⊗ π , (A.7)
where M˜g is a vertex algebra isomorphic to the (dim g0 +
1
2
dim g 1
2
) tensor products of
the βγ system. If k is generic, the image coincides with the common kernel of screening
operators Qi, which is an intertwining operator induced by Si, for i = 1, . . . , l:
Wk(g, f) ≃
l⋂
i=1
KerQi ⊂ M˜g ⊗ π . (A.8)
A.1 Screening operators of Wk(sl(4), f)
Consider the case g = sl(4). Then
Π = {α1, α2, α3}, ∆+ = {α1, α2, α3, α1 + α2, α2 + α3, α1 + α2 + α3} . (A.9)
Hence Msl(4) is isomorphic to 6 tensor products of the βγ-system. Set
β1 = βα1 , β2 = βα2 , β3 = βα3 , β4 = βα1+α2 , β5 = βα2+α3 , β6 = βα1+α2+α3 ,
γ1 = γα1 , γ2 = γα2 , γ3 = γα3 , γ4 = γα1+α2 , γ5 = γα2+α3 , γ6 = γα1+α2+α3 .
Here and further on, we often drop the indeterminate z, e.g., we shall write β in place of
β(z). Wakimoto free field realizations of V k(sl(4)) are the following embeddings
V k(sl(4)) →֒ Msl(4) ⊗ π , (A.10)
where
Msl(4) = 〈βi, γi | i = 1, . . . , 6〉VA , βi(z)γj(w) ∼ δi,j
z − w , (A.11)
π = 〈αi | i = 1, 2, 3〉VA , αi(z)αj(w) ∼ (αi|αj)
(z − w)2 . (A.12)
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If k is generic, the image may be described as the common kernel of 3 screening operators
S1, S2, S3. Given a nilpotent element f of sl(4) and a good grading on sl(4) for f , these Si
induce screening operators Q1, Q2, Q3 ofWk(sl(4), f) via the Drinfeld-Sokolov reduction.
Indeed, we have several choice of Si, see below. If we choose suitable Si for each i with
respect to f , we can compute Qi explicitly.
Using these reduction techniques, we give examples of screening operators Qi of
Wk(sl(4), f). In sl(4), there exist 5 nilpotent orbits, classified by partitions of 4:
(4) , (3, 1) , (22) , (2, 12) , (14) . (A.13)
Then principal, subregular, minimal, zero nilpotent orbits correspond to (4), (3, 1), (2, 12),
(14) respectively. In case f = 0, theWk(sl(4), f) is just the affine vertex algebra V k(sl(4)).
Hence we only need to consider the case f belongs to one of the following nilpotent orbits:
principal, subregular, (22) and minimal. We will use the following notation
κ =
√
k + 4 . (A.14)
Principal nilpotent
Consider a principal nilpotent element
f = fα1 + fα2 + fα3 (A.15)
with the (unique) good grading
❡
1
α1
❡
1
α2
❡
1
α3
. (A.16)
If k is generic,
V k(sl(4)) ≃ KerS1 ∩KerS2 ∩KerS3 ⊂Msl(4) ⊗ π , (A.17)
where
S1 =
∫ (
β1 +
1
2
γ2β4 +
(
1
2
γ5 +
1
12
γ2γ3
)
β6
)
e−κ
−1
∫
α1(z)dz ,
S2 =
∫ (
β2 − 1
2
γ1β4 +
1
2
γ3β5 − 1
6
γ1γ3β6
)
e−κ
−1
∫
α2(z)dz , (A.18)
S3 =
∫ (
β3 − 1
2
γ2β5 +
(
−1
2
γ4 +
1
12
γ1γ2
)
β6
)
e−κ
−1
∫
α3(z)dz .
As before we assume that every expression is normally ordered and we omit the normally
ordered product signs. Applying the Drinfeld-Sokolov reduction, we have
Wk(sl(4)) =Wk(sl(4), principal) ≃ KerQ1 ∩KerQ2 ∩KerQ3 ⊂ π , (A.19)
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where
Q1 =
∫
e−κ
−1
∫
α1(z)dz ,
Q2 =
∫
e−κ
−1
∫
α2(z)dz , (A.20)
Q3 =
∫
e−κ
−1
∫
α3(z)dz .
Subregular nilpotent
Consider subregular nilpotent elements
f1 = fα2 + fα3 , f2 = fα1+α2 + fα3 (A.21)
with the good grading
❡
0
α1
❡
1
α2
❡
1
α3
. (A.22)
If k is generic,
V k(sl(4)) ≃ KerS1 ∩KerS2 ∩KerS3 ⊂Msl(4) ⊗ π , (A.23)
where
S1 =
∫
β1 e
−κ−1
∫
α1(z)dz ,
S2 =
∫
(β2 − γ1β4 + γ3β5) e−κ−1
∫
α2(z)dz , (A.24)
S3 =
∫
(β3 − γ4β6) e−κ−1
∫
α3(z)dz .
Applying the Drinfeld-Sokolov reductions associated to f = f1, f2, we have
Wk(sl(4), subregular) ≃ KerQ1 ∩KerQ2 ∩KerQ3 ⊂ 〈β1 , γ1〉VA ⊗ π, (A.25)
where
Q1 =
∫
β1 e
−κ−1
∫
α1(z)dz ,
Q2 =

∫
e−κ
−1
∫
α2(z)dz if f = f1 ,∫
γ1 e
−κ−1
∫
α2(z)dz if f = f2 ,
Q3 =
∫
e−κ
−1
∫
α3(z)dz .
(A.26)
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Rectangular nilpotent of type (22)
Consider rectangular nilpotent elements
f1 = fα1+α2 + fα2+α3 , f2 = fα2 + fα1+α2+α3 (A.27)
of Jordan type (22) with the good grading
❡
0
α1
❡
1
α2
❡
0
α3
. (A.28)
If k is generic,
V k(sl(4)) ≃ KerS1 ∩KerS2 ∩KerS3 ⊂Msl(4) ⊗ π , (A.29)
where
S1 =
∫
β1 e
−κ−1
∫
α1(z)dz ,
S2 =
∫
(β2 − γ1β4 + γ3β5 − γ1γ3β6) e−κ−1
∫
α2(z)dz ,
S3 =
∫
β3 e
−κ−1
∫
α3(z)dz .
(A.30)
Applying the Drinfeld-Sokolov reductions associated to f = f1, f2, we have
Wk(sl(4), (22)) ≃ KerQ1 ∩KerQ2 ∩KerQ3 ⊂ 〈β1, γ1, β3, γ3〉VA ⊗ π , (A.31)
where
Q1 =
∫
β1 e
−κ−1
∫
α1(z) : dz ,
Q2 =

∫
(γ1 − γ3) e−κ−1
∫
α2(z)dz if f = f1 ,∫
(1− γ1γ3) e−κ−1
∫
α2(z)dz if f = f2 ,
Q3 =
∫
β3 e
−κ−1
∫
α3(z)dz .
(A.32)
Minimal nilpotent
Consider minimal nilpotent elements
f1 = fα3 , f2 = fα2+α3 , f3 = fα1+α2+α3 . (A.33)
Z-graded case. We have a good grading for any fi:
❡
0
α1
❡
0
α2
❡
1
α3
. (A.34)
If k is generic,
V k(sl(4)) ≃ KerS1 ∩KerS2 ∩KerS3 ≃ Ker S˜1 ∩Ker S˜2 ∩Ker S˜3 ⊂Msl(4) ⊗ π , (A.35)
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where
S1 =
∫
β1 e
−κ−1
∫
α1(z)dz ,
S2 =
∫
(β2 − γ1β4) e−κ−1
∫
α2(z)dz ,
S3 =
∫
(β3 − γ2β5 − γ4β6) e−κ−1
∫
α3(z)dz
(A.36)
and
S˜1 =
∫ (
β1 +
1
2
γ2β4
)
e−κ
−1
∫
α1(z)dz ,
S˜2 =
∫ (
β2 − 1
2
γ1β4
)
e−κ
−1
∫
α2(z)dz , (A.37)
S˜3 =
∫ (
β3 − γ2β5 +
(
1
2
γ1γ2 − γ4
)
β6
)
e−κ
−1
∫
α3(z)dz .
Applying the Drinfeld-Sokolov reductions associated to f = f1, f2, f3, we have
Wk(sl(4),minimal) ≃ KerQ1 ∩KerQ2 ∩KerQ3 ≃ Ker Q˜1 ∩Ker Q˜2 ∩Ker Q˜3
⊂ 〈β1, γ1, β2, γ2, β4, γ4〉VA ⊗ π ,
(A.38)
where
Q1 =
∫
β1 e
−κ−1
∫
α1(z)dz ,
Q2 =
∫
(β2 − γ1β4) e−κ−1
∫
α2(z)dz ,
Q3 =

∫
e−κ
−1
∫
α3(z)dz if f = f1 ,∫
γ2 e
−κ−1
∫
α3(z)dz if f = f2 ,∫
γ4 e
−κ−1
∫
α3(z)dz if f = f3
(A.39)
and
Q˜1 =
∫ (
β1 +
1
2
γ2β4
)
e−κ
−1
∫
α1(z)dz ,
Q˜2 =
∫ (
β2 − 1
2
γ1β4
)
e−κ
−1
∫
α2(z)dz , (A.40)
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Q˜3 =

∫
e−κ
−1
∫
α3(z)dz if f = f1 ,∫
γ2 e
−κ−1
∫
α3(z)dz if f = f2 ,∫ (
1
2
γ1γ2 − γ4
)
e−κ
−1
∫
α3(z)dz if f = f3 .
1
2
Z-graded case. We have another good grading for f3:
❡
1
2
α1
❡
0
α2
❡
1
2
α3
. (A.41)
If k is generic,
V k(sl(4)) ≃ KerS1 ∩KerS2 ∩KerS3 ⊂Msl(4) ⊗ π , (A.42)
where
S1 =
∫
(β1 + γ1β4 + γ5β6) e
−κ−1
∫
α1(z)dz ,
S2 =
∫
β2 e
−κ−1
∫
α2(z)dz, (A.43)
S3 =
∫
(β3 − γ2β5 − γ4β6) e−κ−1
∫
α3(z)dz .
Applying the Drinfeld-Sokolov reduction, we have
Wk(sl(4),minimal) ≃ KerQ1 ∩KerQ2 ∩KerQ3 ⊂ 〈β1, γ1, β2, γ2, β3, γ3〉VA ⊗ π , (A.44)
where
Q1 =
∫
(γ1 − γ2β3) e−κ−1
∫
α1(z)dz ,
Q2 =
∫
β2 e
−κ−1
∫
α2(z)dz ,
Q3 =
∫
(γ3 + γ2β1) e
−κ−1
∫
α3(z)dz .
(A.45)
A.2 Screening operators of Wk(so(5), f)
Consider the case g = so(5). Then
Π = {α1, α2} , ∆+ = {α1, α2, α1 + α2, α1 + 2α2} . (A.46)
Hence Mso(5) is isomorphic to 4 tensor products of the βγ-system. Set
β1 = βα1 , β2 = βα2 , β3 = βα1+α2 , β4 = βα1+2α2 ,
γ1 = γα1 , γ2 = γα2 , γ3 = γα1+α2 , γ4 = γα1+2α2 .
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Here and further on, we often drop the indeterminate z, e.g., we shall write β in place of
β(z). Wakimoto free field realizations of V k(so(5)) are the following embeddings
V k(so(5)) →֒ Mso(5) ⊗ π , (A.47)
where
Mso(5) = 〈βi, γi | i = 1, . . . , 4〉VA , βi(z)γj(w) ∼ − δi,j
z − w , (A.48)
π = 〈αi | i = 1, 2〉VA , αi(z)αj(w) ∼ (αi|αj)
(z − w)2 . (A.49)
If k is generic, the image may be described as the common kernel of 2 screening operators
S1, S2. Given a nilpotent element f of so(5) and a good grading on so(5) for f , these
Si induce screening operators Q1, Q2 of Wk(so(5), f) via the Drinfeld-Sokolov reduction.
Indeed, we have several choice of Si, see below. If we choose suitable Si for each i with
respect to f , we can compute Qi explicitly.
Using these reduction techniques, we give examples of screening operators Qi of
Wk(so(5), f). In so(5), there exist 4 nilpotent orbits, classified by partitions of 5 in
which even number has even multiplicity:
(5) , (3, 12 ), (22, 1) , (15) . (A.50)
Then principal, subregular, minimal, zero nilpotent orbits correspond to (5), (3, 12),
(22, 1), (15) respectively. In case f = 0, the Wk(so(5), f) is just the affine vertex algebra
V k(so(5)). Hence we only need to consider the case f belongs to one of the following
nilpotent orbits: principal, subregular and minimal. We will use the following notation
κ =
√
k + 3 . (A.51)
Principal nilpotent
Consider a principal nilpotent element
f = fα1 + fα2 (A.52)
with the (unique) good grading
❡
1
α1
> ❡
1
α2
. (A.53)
If k is generic,
V k(so(5)) ≃ KerS1 ∩KerS2 ⊂Mso(5) ⊗ π , (A.54)
where
S1 =
∫ (
β1 +
1
2
γ2β3 − 1
12
γ22β4
)
e−κ
−1
∫
α1(z)dz ,
S2 =
∫ (
β2 − 1
2
γ1β3 +
1
2
(
γ3 +
1
6
γ1γ2
)
β4
)
e−κ
−1
∫
α2(z)dz .
(A.55)
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Applying the Drinfeld-Sokolov reduction, we have
Wk(so(5)) =Wk(so(5), principal) ≃ KerQ1 ∩KerQ2 ⊂ π , (A.56)
where
Q1 =
∫
e−κ
−1
∫
α1(z)dz ,
Q2 =
∫
e−κ
−1
∫
α2(z)dz .
(A.57)
Subregular nilpotent
Consider subregular nilpotent elements
f1 = fα2 , f2 = fα1+α2 (A.58)
with the good grading
❡
0
α1
> ❡
1
α2
. (A.59)
If k is generic,
V k(so(5)) ≃ KerS1 ∩KerS2 ⊂Mso(5) ⊗ π , (A.60)
where
S1 =
∫
β1 e
−κ−1
∫
α1(z)dz ,
S2 =
∫
(β2 − γ1β3 + γ3β4) e−κ−1
∫
α2(z)dz .
(A.61)
Applying the Drinfeld-Sokolov reductions associated to f = f1, f2, we have
Wk(so(5), subregular) ≃ KerQ1 ∩KerQ2 ⊂ 〈β1, γ1〉VA ⊗ π , (A.62)
where
Q1 =
∫
β1 e
−κ−1
∫
α1(z)dz ,
Q2 =

∫
e−κ
−1
∫
α2(z)dz if f = f1 ,∫
γ1 e
−κ−1
∫
α2(z)dz if f = f2 .
(A.63)
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Minimal nilpotent
Consider a minimal nilpotent element
f = fα1+2α2 (A.64)
with the (unique) good grading
❡
0
α1
> ❡
1
2
α2
. (A.65)
If k is generic,
V k(so(5)) ≃ KerS1 ∩KerS2 ⊂Mso(5) ⊗ π , (A.66)
where S1, S2 are the same as those given in the subregular nilpotent case. Applying the
Drinfeld-Sokolov reductions associated to f , we have
Wk(so(5),minimal) ≃ KerQ1 ∩KerQ2 ⊂ 〈β1, γ1, β3, γ3〉VA ⊗ π , (A.67)
where
Q1 =
∫
β1 e
−κ−1
∫
α1(z)dz ,
Q2 =
∫
(γ3 − γ1β3) e−κ−1
∫
α2(z)dz .
(A.68)
B Correlator relations for W-algebras from sl(N)
In this appendix, we derive several new correlator relations among theories with the
symmetry of W-algebras associated with sl(N).
B.1 Reduction from affine sl(N) to QSCA
The screening charges for the sl(N) WZNW model are given by
Qi+1,i = (βi+1,i +
i−1∑
j=1
βi+1,jγ
i,j)ebφi , (B.1)
where i = 1, 2, . . . , N − 1. We have adopted the convention in [66] and labelled all β- and
γ-fields as matrix entries. For example, when N = 3, (B.1) yields two screening charges
Q2,1 = β2,1e
bφ1 , Q3,2 = (β3.2 + β3,1γ
2,1)ebφ2 . (B.2)
These charges are equivalent to those used for the construction of action (3.1), with
β1 ≡ β3,2, β2 ≡ β2,1 and β3 ≡ −β3,1. Similarly, (B.1) with N = 4 provides an equivalent
version of the screening charges of Z-graded minimal sl(4).
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In the general case of sl(N), the correlator of vertex operators constructed from the
charges (B.1) takes the form〈 M∏
ν=1
Vν(zµ)
〉
=
∫
DΦexp
{
− 1
2π
∫
d2z
[Gij
2
∂φi∂¯φj +
b
4
√
gR
N−1∑
i=1
φi
+
N−1∑
i=1
i−1∑
j=1
βi,j ∂¯γ
i,j + β¯i,j∂γ¯
i,j
]}
× exp
{ 1
2πk
∫
d2z
N−1∑
i=1
Si+1,i
}
(B.3)
×
M∏
ν=1
N−1∏
i=1
i−1∏
j=1
eµ
ν
i,jγ
i,j−µ¯νi,j γ¯
i,j
N−1∏
n=1
e2b(j
ν
n+1)φn(zν) ,
where
DΦ =
N−1∏
n=1
Dφn
N−1∏
i=1
i−1∏
j=1
D2βi,jD2γi,j (B.4)
and
Si+1,i =
∣∣∣∣∣βi+1,i +
i−1∑
j=1
βi+1,jγ
i,j
∣∣∣∣∣
2
ebφi . (B.5)
Moreover, Gij is the Cartan matrix of sl(N), and its inverse G
ij is defined by GijG
jk = δ ki .
Integrating with respect to γN,i with i = 1, 2, . . . , N − 1 yields
βN,i(z) = uN,iBN,i(z, ynN,i, zν) with i = 1, 2, . . . , N − 1 , (B.6)
where Bi,j is given by
βi,j(z) = −ui,j
∏N−2
n=1 (z − yni,j)∏N
ν=1(z − zν)
= −ui,jBi,j(z, yni,j, zν) ,
N∑
ν=1
µνi,j = 0 . (B.7)
After the integration, the interaction term SN,N−1 becomes
SN,N−1 = −
∣∣∣∣∣uN,N−1BN,N−1 +
N−2∑
j=1
uN,jBN,jγN−1,j
∣∣∣∣∣
2
ebφN−1 . (B.8)
We remove the factor uN,N−1BN,N−1 by letting
φN−1 +
1
b
ln |uN,N−1BN,N−1|2 → φN−1 , (B.9)
upon which the interaction term (B.8) becomes
SN,N−1 = −
∣∣∣∣∣1 + u−1N,N−1B−1N,N−1
N−2∑
j=1
uN,jBN,jγN−1,j
∣∣∣∣∣
2
ebϕN−1
= −
∣∣∣∣∣1 +
N−2∑
j=1
γN−1,j
∣∣∣∣∣
2
ebϕN−1 ,
(B.10)
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where the following change of fields is made
u−1N,N−1B−1N,N−1uN,jBN,jγN−1,j → γN−1,j ,
uN,N−1BN,N−1u−1N,jB−1N,jβN−1,j → βN−1,j .
(B.11)
The interaction term SN−1,N−2 now takes the form
SN−1,N−2 =
∣∣∣u−1N,N−1B−1N,N−1uN,N−2BN,N−2βN−1,N−2
+ u−1N,N−1B−1N,N−1
N−3∑
j=1
uN,jBN,jβN−1,jγN−2,j
∣∣∣2ebφN−2
=
∣∣∣∣∣βN−1,N−2 +
N−3∑
j=1
βN−1,jγ
N−2,j
∣∣∣∣∣
2
ebϕN−2
(B.12)
where we have made the following change of fields
φN−2 +
1
b
ln |u−1N,N−1B−1N,N−1uN,N−2BN,N−2|2 → ϕN−2 ,
u−1N,N−2B−1N,N−2uN,jBN,jγN−2,j → γN−2,j ,
uN,N−2BN,N−2u−1N,jB−1N,jβN−2,j → βN−2,j ,
(B.13)
where j = 1, 2, . . . , N − 3.
The treatment to SN−2,N−3 and consequently all other charges follows similarly as to
SN−2,N−2, during which we have made the following change of fields
φi +
1
b
ln |uN,iBn,iu−1N,i+1B−1N,i+1|2 → φi ,
u−1N,iB−1N,iuN,jBN,jγi,j → γi,j ,
uN,iBN,iu−1N,jB−1N,jβi,j → βi,j
(B.14)
with i = 1, 2, . . . , N − 3 and j = 1, 2, . . . , i− 1. The correlation function then becomes
〈 M∏
ν=1
Vν(zµ)
〉
= |ΘM |2
N−1∏
i=1
δ(2)
(
N∑
v=1
µνN−1,i
)
×
〈 M∏
n=1
V˜ν(zν)
M−2∏
n=1
N−2∏
i=1
i−1∏
j=1
V˜ (1)(ynN,i)V˜
(2)(ynN,i+1)V˜
(3)(ynN,N−1)V˜
(4)(ynN,j)
〉
,
(B.15)
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where the correlator on the right-hand side is computed with the action
S =
1
2π
∫
d2z
[Gij
2
∂φi∂¯φj +
√
gR
4
(
N−2∑
n=1
bφn + (b+ b
−1)φN−1
)
+
N−1∑
i=2
i−1∑
j=1
βi,j∂¯γ
i,j + β¯i,j∂γ¯
i,j
]
− 1
2πk
∫
d2z
[ N−2∑
n=1
Si+1,i − S˜N,N−1
]
(B.16)
with
S˜N,N−1 =
∣∣∣∣∣1 +
N−2∑
i=1
γN−1,i
∣∣∣∣∣
2
ebϕn . (B.17)
The vertex operators are found to be
V˜ν(zν) = e
∑N−1
i=1
∑i−1
j=1(µ
′
i,j
νγi,j−µ¯′i,j
ν γ¯i,j)e
∑N−1
i=1 2b(j
ν
i +1)φi+φ
N−1/b ,
V˜ (1)(ynN,i) = e
φi/b+Xi,j+X¯i,j , V˜ (2)(ynN,i+1) = e
φi+1/b ,
V˜ (3)(ynN,N−1) = e
−φN−1/b+XN−1,j+X¯N−1,j , V˜ (4)(ynN,j) = e
−Xi,j−X¯i,j−XN−1,j−X¯N−1,j
(B.18)
where in V˜ν(zν)
µ′i,j
ν =
uN,iµ
ν
N,i
uN,jµνN,j
µνi,j . (B.19)
B.2 Reduction from affine sl(N) to WN-algebra
To obtain the correlation function of the WN -algebra from that of sl(N), we first set
µνi,j = 0 with i = 3, 4, . . . , N and j = 1, 2, . . . , i− 2, while integrating with respect to γi,j.
This yields βi,j = 0. The correlation function now takes the form
〈 M∏
ν=1
Vν(zµ)
〉
=
∫
DΦexp
{
− 1
2π
∫
d2z
[Gij
2
∂φi∂¯φj +
b
4
√
gR
N−1∑
i=1
φi
+
N−1∑
i=1
βi+1,i∂¯γ
i+1,i + β¯i+1,i∂γ¯
i+1,i
]}
× exp
{ 1
2πk
∫
d2z
N−1∑
i=1
|βi+1,i|2 ebφi
}
×
N−1∏
i=1
eµ
ν
i+1,iγ
i+1,i−µ¯νi+1,iγ¯
i+1,i
N−1∏
n=1
e2b(j
ν
n+1)φn(zν) , (B.20)
where
DΦ =
N−1∏
n=1
Dφn
N−1∏
i=1
D2βi+1,iD2γi+1,i . (B.21)
Integrating over γi+1,i, where i = 1, 2, . . . , N − 1, (B.20) yields analogous relations
on Bi+1,i as in the previous case. The interaction terms now are |ui+1.iBi+1,i|2ebφi , whose
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factor ui+1.iBi+1,i can be absorbed by a change of φi(z):
φi(z) +
1
b
ln |ui+1,iBi+1,i|2 → φi(z) . (B.22)
This yields final form of the WN -correlator:〈
M∏
ν=1
Vν(zν)
〉
= |ΘM |2δ(2)
(
N∑
ν=1
µνi+1,i
)〈
M∏
ν=1
V˜ν(zν)
M−2∏
n=1
V˜b(y
n
i+1,i)
〉
, (B.23)
where the action associated to the correlator on the right-hand side is
S =
1
2π
∫
d2z
[Gij
2
∂φi∂¯φj +
√
qR
4
(
b+
1
b
)N−1∑
i=1
φi +
1
k
N−1∑
i=1
ebφi
]
. (B.24)
The vertex operators on the right-hand side of (B.23) are given by
V˜ν(zν) = e
∑N−1
i=1
2b(jνi +1)φi+φ
i/b, V˜b(y
n
i+1,i) = e
−
∑N−1
i=1
φi/b. (B.25)
And the prefactor is found to be
ΘM =
M−1∏
i=1
∏
j<i
M∏
µ=1
∏
ν<µ
M−2∏
m,n=1
u2i+1,i
(
(yni+1,i − ymj+1,j)(zµ − zν)
(zν − yni+1,i)
)Gij/b2
×
∏
n′<n
(yni+1,i − yn
′
i+1,i)
Gii/b2 .
(B.26)
B.3 Reduction from W
(2)
N -algebra to WN-algebra
The subregular sl(N) is formulated by φi(z) and one pair of free ghosts β(z) and γ(z).
The vertex operator correlation function takes the form〈 M∏
ν=1
Vν(zµ)
〉
=
∫
DΦexp
{
− 1
2π
∫
d2z
[Gij
2
∂φi∂¯φj +
1
4
√
gR
(
bφ1 + (b+ b−1)
N−1∑
i=2
φi
)
+ β∂¯γ + β¯∂γ¯
]}
× exp
{
1
2πk
∫
d2z
(
|β|2ebφ1 −
N−1∑
i=2
ebφi
)}
×
M∏
ν=1
eµ
νγ−µ¯ν γ¯
N−1∏
i=1
e2b(j
ν
i +1)φi(zν) , (B.27)
where
DΦ =
N−1∏
i=1
DφiD2βD2γ. (B.28)
Following an analogous procedure as before, we integrate (B.27) with respect to γ and
change φ1 by
φ1(z) +
1
b
ln |uB|2 → φ1(z) . (B.29)
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The WN -correlator takes the form〈
M∏
ν=1
Vν(zν)
〉
= |ΘM |2δ(2)
(
M∑
ν=1
µν
)〈
M∏
ν=1
V˜ν(zν)
M−2∏
n=1
V˜b(y
n)
〉
, (B.30)
where the action associated to the correlator on the right-hand side is
S =
1
2π
∫
d2z
[Gij
2
∂φi∂¯φj +
√
gR
4
(
b+
1
b
)N−1∑
i=1
φi +
1
k
N−1∑
i=1
ebφi
]
. (B.31)
The vertex operators are given by
V˜ν(zν) = e
∑N−1
i=1 2b(j
ν
i +1)φi+φ
1/b , V˜b(y
n) = e−φ
1/b . (B.32)
The prefactor is
ΘM = α
M−2∏
n=1
∏
n′<n
M∏
µ=1
∏
ν<µ
[
(yn − yn′)(zµ − zν)
(zν − yn)
]G11/b2
, (B.33)
where
α = u2(1+
1
b2
)
∑N−1
i=2 G
i1+G11 . (B.34)
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